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Notation and standing conventions
Fixed throughout the reference

Notation Meaning
N,N0,Z,Q,R,C N = {1, 2, . . .}, N0 = N ∪ {0}; integers, rationals, reals and complex numbers.
R R ∪ {−∞,+∞}. Extended arithmetic is used only when defined.
F A fixed scalar field in {R,C} in each normed-space assertion.
(X, d), (Y, ρ) Metric spaces. A subset carries the restricted metric unless specified otherwise.
BX

r (x) {y ∈ X : d(x, y) < r}.
B

X

r (x) {y ∈ X : d(x, y) ≤ r}; this need not equal BX
r (x).

Ac Complement in the stated ambient space.
A

X
, A◦, ∂XA,A

′ Closure, interior, boundary and derived set. Ambient notation is omitted only when
unambiguous.

1A Characteristic function: 1A(x) = 1 on A, and 0 off A.
Cont(f), D(f) Continuity and discontinuity sets relative to the domain: D(f) = X \ Cont(f) for

f : X → Y .
C(X), C(X,F) Continuous real functions, or continuous scalar functions when the field is shown.
Cb(X,F), B(S) Bounded continuous scalar functions; bounded scalar functions on S, both with supremum

norm. The book uses ℓ∞(S) for B(S).
L(V,W ) Bounded linear maps V → W ; the book also uses B(V,W ).
K The ternary Cantor set; denoted ∆ in the book.
H, dH H = [−1, 1]N, dH(x, y) =

∑
n≥1 2−n|xn − yn|; the book writes H∞.

c |R| = 2ℵ0 , the cardinality of the continuum.
∼=,∼ Homeomorphism; equivalence of cardinalities or metrics, with the intended relation

specified.
m Lebesgue measure; used only for length statements about Cantor-type sets and cate-

gory/measure contrasts.
Quantifiers. Indices n, k,N range over N, unless stated otherwise. For all sufficiently large n means ∃N ∀n ≥ N ; for infinitely
many n means ∀N ∃n ≥ N .
Limits and domains. Scalar functions and sequences are real-valued unless another field is given. Convergence is in the
specified metric or norm, with the limit in the specified space. Endpoint continuity is relative to the domain. Increasing and
decreasing allow equality; strict monotonicity is explicitly stated.
Intervals and integrals. For a nondegenerate compact interval [a, b], a < b. Integrals of continuous functions over such
intervals are Riemann integrals; no measure-theoretic integration theory is assumed here.
Empty sets. The empty space is bounded, totally bounded, complete, compact and connected. Set diam∅ = 0; the supremum
norm on the empty function space is 0. Existence of a fixed point or an attained extremum requires a nonempty domain.
Set theory. Cardinality and countable-selection statements use the usual axiom of choice. A function is constant precisely
when its range has at most one point.
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1. Calculus Review
Number systems, order, and elementary inequalities

Definition 1.1 (Number systems and set notation).

N = {1, 2, . . .}, Z = {. . . ,−2,−1, 0, 1, 2, . . .},
Q = {m/n : m ∈ Z, n ∈ N} , C =

{
x+ iy : x, y ∈ R, i2 = −1

}
,

N ⊂ Z ⊂ Q ⊂ R ⊂ C, irrational numbers = R \ Q.

For A,B ⊂ S,
A \B = {x ∈ A : x /∈ B}, Ac = S \A,⋃

j∈J

Aj = {x : ∃j ∈ J, x ∈ Aj},
⋂
j∈J

Aj = {x : ∀j ∈ J, x ∈ Aj}.

Definition 1.2 (Ordered-field structure). The operations +, · : R × R → R satisfy, for all x, y, z ∈ R,

x+ y = y + x, (x+ y) + z = x+ (y + z), x+ 0 = x,

xy = yx, (xy)z = x(yz), x · 1 = x, 0 ̸= 1,
∀x ∈ R ∃u ∈ R : x+ u = 0,

∀x ∈ R \ {0} ∃v ∈ R : xv = 1,
x(y + z) = xy + xz.

The order satisfies, for all x, y, z ∈ R,

x ≤ x, (x ≤ y ∧ y ≤ x) =⇒ x = y,

(x ≤ y ∧ y ≤ z) =⇒ x ≤ z, x ≤ y ∨ y ≤ x,

x ≤ y =⇒ x+ z ≤ y + z, (0 ≤ x ∧ 0 ≤ y) =⇒ 0 ≤ xy.

Here x < y ⇐⇒ x ≤ y and x ̸= y. The completeness axiom is stated in Theorem 1.7.

Definition 1.3 (Absolute value and intervals).

|x| =

{
x, x ≥ 0,
−x, x < 0,

[a, b] = {x ∈ R : a ≤ x ≤ b}, (a, b) = {x ∈ R : a < x < b}.

Half-open intervals are defined by changing the corresponding endpoint inequality. For a ≤ b, length([a, b]) = b− a.

Lemma 1.4 (Absolute-value identities and inequalities). [Ex. 1.17]

For x, y ∈ R,
|x| ≥ 0, |x| = 0 ⇐⇒ x = 0, |−x| = |x| , |xy| = |x| |y| ,

|x+ y| ≤ |x| + |y| ,
∣∣|x| − |y|

∣∣ ≤ |x− y| ,

max{x, y} = x+ y + |x− y|
2 , min{x, y} = x+ y − |x− y|

2 .

For ε > 0, |x− y| < ε ⇐⇒ y − ε < x < y + ε.

Definition 1.5 (Bounds and boundedness). For A ⊂ R, define

U(A) = {u ∈ R : ∀a ∈ A, a ≤ u}, L(A) = {ℓ ∈ R : ∀a ∈ A, ℓ ≤ a}.

A bounded above ⇐⇒ U(A) ̸= ∅,
A bounded below ⇐⇒ L(A) ̸= ∅,

A bounded ⇐⇒ ∃M ≥ 0 ∀a ∈ A : |a| ≤ M.
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1. Calculus Review
Bounds, supremum, infimum, and completeness (continued)

Definition 1.6 (Supremum, infimum, maximum, minimum). For A ̸= ∅,

s = supA ∈ R ⇐⇒ (∀a ∈ A, a ≤ s) ∧ (∀u ∈ U(A), s ≤ u),
m = inf A ∈ R ⇐⇒ (∀a ∈ A, m ≤ a) ∧ (∀ℓ ∈ L(A), ℓ ≤ m).

maxA = s ⇐⇒ s = supA and s ∈ A, minA = m ⇐⇒ m = inf A and m ∈ A.

Theorem 1.7 (Least-upper-bound axiom). [completeness axiom]

∀A ⊂ R : (A ̸= ∅ ∧ U(A) ̸= ∅) =⇒ ∃!s ∈ R : s = supA.

Corollary 1.8 (Greatest lower bounds). [Ex. 1.1]

Every nonempty subset of R bounded below has a unique infimum. For −A = {−a : a ∈ A}, inf A = − sup(−A), supA =
− inf(−A).

Convention 1.9 (Extended extrema). For arbitrary A ⊂ R,

sup∅ = −∞, inf ∅ = +∞,

A unbounded above =⇒ supA = +∞,

A unbounded below =⇒ inf A = −∞.

The order is −∞ < x < +∞ for every x ∈ R. Expressions such as +∞ − ∞ are not defined.

Lemma 1.10 (Approximation of extrema). [Ex. 1.3]

For nonempty A ⊂ R and finite s,m,

s = supA ⇐⇒ s ∈ U(A) ∧
(
∀ε > 0 ∃a ∈ A : s− ε < a ≤ s

)
,

m = inf A ⇐⇒ m ∈ L(A) ∧
(
∀ε > 0 ∃a ∈ A : m ≤ a < m+ ε

)
.

Lemma 1.11 (Comparison and bounds of bounds). [Ex. 1.2]

If ∅ ̸= B ⊂ A ⊂ R and A is bounded, then −∞ < inf A ≤ inf B ≤ supB ≤ supA < +∞.

If A contains two distinct points, then inf A < supA. For nonempty bounded A, U(A) = [supA,+∞), L(A) =
(−∞, inf A], inf U(A) = supA, supL(A) = inf A.

Lemma 1.12 (Algebra of bounded-set extrema). [Consequence]

Let A,B be nonempty bounded subsets of R, let c ∈ R, and set A+B = {a+ b : a ∈ A, b ∈ B}. Then

sup(A ∪B) = max{supA, supB}, inf(A ∪B) = min{inf A, inf B},
sup(A+B) = supA+ supB, inf(A+B) = inf A+ inf B,
sup(c+A) = c+ supA, inf(c+A) = c+ inf A.

For λ > 0, sup(λA) = λ supA, inf(λA) = λ inf A;
for λ < 0, sup(λA) = λ inf A, inf(λA) = λ supA.

Lemma 1.13 (Archimedean property). [Lemma 1.2]

∀x, y > 0 ∃n ∈ N : nx > y.

Equivalently,
∀M ∈ R ∃n ∈ N : n > M, ∀ε > 0 ∃n ∈ N : 0 < 1/n < ε.

Corollary 1.14 (Integer part). [Consequence]

For every x ∈ R, there is a unique m ∈ Z such that m ≤ x < m+ 1.
This integer is ⌊x⌋. Also, ⌈x⌉ = −⌊−x⌋.
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1. Calculus Review
Archimedean property and density (continued)

Theorem 1.15 (Density of rational and irrational numbers). [Th. 1.3][Ex. 1.7–8]

For every a < b,
∃q ∈ Q : a < q < b, ∃r ∈ R \ Q : a < r < b.

Both (a, b) ∩ Q and (a, b) ∩ (R \ Q) are infinite.

Corollary 1.16 (Monotone approximation by dense sets). For every x ∈ R and each E ∈ {Q,R \ Q}, there exist sequences
(un), (vn) ⊂ E such that un < un+1 < x < vn+1 < vn, un → x, vn → x.

Example 1.17 (Order completeness of Z and its failure in Q). [Ex. 1.9]

∅ ̸= A ⊂ Z, ∃M ∈ Z ∀a ∈ A : a ≤ M =⇒ maxA ∈ Z.

In contrast, A = {q ∈ Q : 0 ≤ q, q2 < 2}
is nonempty and bounded above in Q, but has no supremum in Q. Its supremum in R is

√
2.

Definition 1.18 (Sequences, convergence, boundedness). A real sequence is a map x : N → R, written (xn). For ℓ ∈ R,

xn → ℓ ⇐⇒ ∀ε > 0 ∃N ∈ N ∀n ≥ N : |xn − ℓ| < ε.

(xn) bounded ⇐⇒ ∃M ≥ 0 ∀n ∈ N : |xn| ≤ M.

Write supn xn = sup{xn : n ∈ N} and similarly for infn xn.

Definition 1.19 (Eventually and infinitely often). For assertions P (n),

P (n) eventually ⇐⇒ ∃N ∈ N ∀n ≥ N : P (n),
P (n) infinitely often ⇐⇒ ∀N ∈ N ∃n ≥ N : P (n).

“For all but finitely many n” means “eventually.”

Definition 1.20 (Extended convergence).

xn → +∞ ⇐⇒ ∀M ∈ R ∃N ∀n ≥ N : xn > M,

xn → −∞ ⇐⇒ ∀M ∈ R ∃N ∀n ≥ N : xn < M.

These are extended limits, not convergence to a real number.

Lemma 1.21 (Uniqueness, boundedness, and passage of order to limits). [Ex. 1.5–6]

xn → ℓ, xn → m =⇒ ℓ = m, xn → ℓ ∈ R =⇒ (xn) bounded.
If xn → ℓ, yn → m, and xn ≤ yn eventually, then ℓ ≤ m. In particular, xn ≤ b eventually =⇒ ℓ ≤ b, infn xn ≤ ℓ ≤ supn xn.

Strict inequalities need not survive: b− 1/n < b, but b− 1/n → b.

Lemma 1.22 (Finite limit laws). [Consequence]

If xn → x, yn → y, and α, β ∈ R, then

αxn + βyn → αx+ βy, xnyn → xy, |xn| → |x| ,
min{xn, yn} → min{x, y}, max{xn, yn} → max{x, y}.

If y ̸= 0, then yn ̸= 0 eventually and xn/yn → x/y. If xn → 0 and (yn) is bounded, then xnyn → 0.

Lemma 1.23 (Squeeze principle). [Consequence]

un ≤ xn ≤ vn eventually, un → ℓ, vn → ℓ =⇒ xn → ℓ.

Changing or deleting finitely many terms does not change a limit.

Definition 1.24 (Subsequence). A subsequence is (xnk
)k∈N, where n1 < n2 < · · · , nk ∈ N.

In particular, nk ≥ k and nk → ∞.

Lemma 1.25 (Subsequences and interleaving). [Consequence]

If xn → ℓ ∈ R, then every subsequence converges to ℓ. For real sequences (un), (vn), set z2n−1 = un, z2n = vn. Then
zn → ℓ ⇐⇒ un → ℓ and vn → ℓ.
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1. Calculus Review
Monotone convergence and nested intervals (continued)

Definition 1.26 (Monotone sequences).

(xn) increasing ⇐⇒ xn ≤ xn+1 ∀n, (xn) decreasing ⇐⇒ xn+1 ≤ xn ∀n.

A sequence is monotone if it satisfies at least one of these conditions.

Theorem 1.27 (Monotone convergence). [Th. 1.4]

(xn) increasing and bounded above =⇒ xn → sup
n
xn ∈ R,

(xn) decreasing and bounded below =⇒ xn → inf
n
xn ∈ R.

Without boundedness, the corresponding extended limits are +∞ and −∞. Thus every monotone real sequence has an extended
limit.

Theorem 1.28 (Nested interval theorem). [Th. 1.5]

Let In = [an, bn] with finite endpoints, an ≤ bn, and In+1 ⊂ In. Then an ≤ an+1 ≤ bn+1 ≤ bn,
⋂∞

n=1 In = [α, β] ̸= ∅,
where α = supn an = limn an, β = infn bn = limn bn, α ≤ β.

If bn − an → 0, then α = β and
⋂

n In = {α}.

Corollary 1.29 (Arbitrary selections from shrinking intervals). If the intervals above satisfy bn − an → 0 and xn ∈ In, then
|xn − α| ≤ bn − an −→ 0.

Example 1.30 (Necessity of the interval hypotheses).
⋂∞

n=1[n,+∞) = ∅,
⋂∞

n=1(0, 1/n] = ∅.
The first family consists of unbounded closed intervals; the second consists of bounded intervals that are not closed.

Definition 1.31 (Cauchy sequence).

(xn) Cauchy ⇐⇒ ∀ε > 0 ∃N ∈ N ∀m,n ≥ N : |xn − xm| < ε.

Lemma 1.32 (Basic Cauchy properties). [Ex. 1.14–15]

xn → ℓ ∈ R =⇒ (xn) Cauchy,
(xn) Cauchy =⇒ (xn) bounded,

(xn) Cauchy, xnk
→ ℓ ∈ R =⇒ xn → ℓ.

Every subsequence of a Cauchy sequence is Cauchy.

Theorem 1.33 (Sequential completeness of R). [Cor. 1.13; Th. 1.16]

(xn) Cauchy ⇐⇒ ∃ℓ ∈ R : xn → ℓ.

Lemma 1.34 (Small successive differences are insufficient). [Consequence]

A Cauchy sequence satisfies xn+1 − xn → 0. The converse fails:

xn =
√
n, xn+1 − xn = 1√

n+ 1 +
√
n

→ 0, xn → +∞.

Theorem 1.35 (Equivalent forms of completeness). [Consequence]

For an Archimedean ordered field F , the following are equivalent (bounds, limits, and Cauchy conditions are taken in F ):
(i) Every nonempty subset of F bounded above has a supremum in F .
(ii) Every increasing sequence bounded above converges in F .
(iii) Every nested sequence of nonempty closed bounded intervals in F has nonempty intersection.
(iv) Every bounded sequence in F has a subsequence converging in F .
(v) Every Cauchy sequence in F converges in F .
All five hold for F = R. The Archimedean hypothesis is retained in this general-field formulation.
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1. Calculus Review
Series, inequalities, and elementary iterative sequences (continued)

Definition 1.36 (Infinite series). For a real sequence (an), its partial sums are sN =
∑N

n=1 an. Define

∞∑
n=1

an = s ∈ R ⇐⇒ sN → s.

Absolute convergence means
∑

n |an| < ∞.

Lemma 1.37 (Nonnegative series and the Cauchy criterion). [Ex. 1.13][Consequence]

If an ≥ 0, then
∞∑

n=1

an = sup
N∈N

N∑
n=1

an ∈ [0,+∞],

and the series is finite exactly when its partial sums are bounded above. For arbitrary real an,

∑
n

an converges ⇐⇒ ∀ε > 0 ∃N ∀m ≥ n ≥ N :

∣∣∣∣∣
m∑

k=n

ak

∣∣∣∣∣ < ε.

Corollary 1.38 (Basic series consequences). [Consequence]∑
n

an converges =⇒ an → 0,

0 ≤ an ≤ bn eventually,
∑

n

bn < ∞ =⇒
∑

n

an < ∞,∑
n

|an| < ∞ =⇒
∑

n

an converges.

For |q| < 1,
∞∑

n=0

qn = 1
1 − q

,

∞∑
n=N+1

qn = qN+1

1 − q
.

Theorem 1.39 (Bernoulli inequality). [Bernoulli’s Inequality 1.9][Ex. 1.18(a)]

For t ≥ −1 and n ∈ N, (1 + t)n ≥ 1 + nt.

If t > −1, t ̸= 0, and n ≥ 2, the inequality is strict.

Corollary 1.40 (Real exponents). [Ex. 1.18(c)–(d)]

For t > 0 and r > 1 real, (1 + t)r > 1 + rt.

More generally, (1 + t)r ≥ 1 + rt for t > −1, r ≥ 1, with strict inequality when t ̸= 0, r > 1.

Theorem 1.41 (Arithmetic–geometric mean inequality). [Ex. 1.20]

For a1, . . . , an ≥ 0, (
n∏

j=1

aj

)1/n

≤ 1
n

n∑
j=1

aj .

Equality holds exactly when a1 = · · · = an. In particular,
√
ab ≤ (a+ b)/2 for a, b ≥ 0.

Lemma 1.42 (Powers and roots). [Ex. 1.19]

0 < c < 1 =⇒ cn → 0, c > 0 =⇒ c1/n → 1.
Consequently, c > 1 =⇒ cn → +∞.

Proposition 1.43 (Newton iteration for a positive square root). [Ex. 1.11]

Let a > 0, x1 >
√
a, and

xn+1 = 1
2

(
xn + a

xn

)
.

Then
√
a < xn+1 < xn, xn ↓

√
a, xn+1 −

√
a = (xn −

√
a)2

2xn
.

The same iteration converges for every x1 > 0: xn ≥
√
a for n ≥ 2, and the sequence is decreasing from n = 2 onward.

Definition 1.44 (Base p expansion). Fix an integer p ≥ 2. A digit sequence satisfies dn ∈ {0, 1, . . . , p− 1}. Its represented
value is

(0.d1d2 · · · )p :=
∞∑

n=1

dn

pn
.

It is terminating if dn = 0 eventually, purely periodic if ∃m ∈ N ∀n ∈ N : dn+m = dn, and eventually periodic if
∃m,N ∈ N ∀n ≥ N : dn+m = dn.
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1. Calculus Review
Base expansions and real powers (continued)

Proposition 1.45 (Convergence and representation). [Props. 1.7–1.8]

Every digit sequence represents a point of [0, 1], and every point of [0, 1] has such a representation. If SN =
∑N

n=1 dn/p
n

represents x, then 0 ≤ SN ≤ x ≤ 1, 0 ≤ x− SN ≤ p−N .

For 0 ≤ x < 1, one choice is

dn = ⌊pnx⌋ − p⌊pn−1x⌋, SN = ⌊pNx⌋
pN

, 0 ≤ x− SN < p−N .

For x = 1, take dn = p− 1 for every n.

Theorem 1.46 (Uniqueness and the two-expansion case). [Ex. 1.16, 21]

For 0 < x < 1, exactly two base p expansions exist if and only if x = q/pN for some N ∈ N, q ∈ {1, . . . , pN − 1}.
Every other x ∈ (0, 1) has exactly one expansion. If a terminating expansion has last nonzero digit dN , its other expansion is
(0.d1 · · · dN−1dN 000 · · · )p = (0.d1 · · · dN−1(dN − 1)(p− 1)(p− 1) · · · )p.

With the convention x = (0.d1d2 · · · )p, 0 has only the all-zero expansion and 1 only the all-(p− 1) expansion. Allowing an
integer part also permits 1.000 · · ·.

Theorem 1.47 (Periodic expansions and rationality). [Ex. 1.21]

For x ∈ [0, 1], x ∈ Q ⇐⇒ x has an eventually periodic base p expansion.
If the repeated block has length m and integer value B =

∑m
j=1 djp

m−j , then

(0.d1 · · · dm)p = B

pm − 1 .

If a prefix of length N has integer value A, followed by this block, then

x = A

pN
+ B

pN (pm − 1) .

For x = a/b ∈ (0, 1) in lowest terms,

x has a terminating expansion ⇐⇒ ∃N ∈ N : b | pN ,

x has a purely periodic expansion ⇐⇒ gcd(b, p) = 1.

Lemma 1.48 (Existence and uniqueness of positive roots). [Consequence]

∀A > 0 ∀n ∈ N ∃!u > 0 : un = A.

This root is denoted by A1/n. For A = 0, the unique nonnegative n-th root is 0.

Definition 1.49 (Positive-base real powers). For A > 0 and r = m/n ∈ Q, with m ∈ Z, n ∈ N, define Ar = (A1/n)m, where
A1/n is the unique positive n-th root. For A > 1, x ∈ R, set Ax = sup{Ar : r ∈ Q, r < x}.
For 0 < A < 1, set Ax = (1/A)−x; set 1x = 1.

Lemma 1.50 (Laws of real powers). [Consequence]

For A,B > 0, x, y ∈ R,
A0 = 1, Ax+y = AxAy, A−x = 1/Ax,

(Ax)y = Axy, (AB)x = AxBx.

The function x 7→ Ax is continuous; it is strictly increasing when A > 1, strictly decreasing when 0 < A < 1, and constant
when A = 1.

Proposition 1.51 (Monotone bounds for e). [Prop. 1.10]

Set

An =
(

1 + 1
n

)n

, Bn =
(

1 + 1
n

)n+1

.

Then An < An+1, Bn+1 < Bn, 2 ≤ An < Bn ≤ 4.
Both sequences converge to the same number: e := limn An = limn Bn, 2 < e < 4, An < e < Bn.

In particular,
0 < Bn −An = An

n
≤ 4
n
.
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1. Calculus Review
Construction of e (continued)

Proposition 1.52 (Exponential limit). [Ex. 1.18(b)]

For t > 0,
(
(1 + t/n)n

)
is strictly increasing. For every t ∈ R,

et = lim
n→∞

(
1 + t

n

)n

,

where n is sufficiently large that 1 + t/n > 0. Here et is the real power defined in Definition 1.49.

Definition 1.53 (Tail extrema, liminf, limsup). For any real sequence (xn), define αN = infn≥N xn, βN =
supn≥N xn in R.
lim infn→∞ xn = supN∈N αN , lim supn→∞ xn = infN∈N βN .

Thus αN increases, βN decreases, and their extended limits are the liminf and limsup, respectively.

Lemma 1.54 (Basic bounds and sign reversal). [Ex. 1.22, 24]

infn xn ≤ lim infn→∞ xn ≤ lim supn→∞ xn ≤ supn xn,

lim supn→∞(−xn) = − lim infn→∞ xn, lim infn→∞(−xn) = − lim supn→∞ xn.

These statements allow infinite values. Both liminf and limsup are unchanged by altering finitely many terms.

Theorem 1.55 (Quantified characterization of finite limsup and liminf). [Ex. 1.26]

For L ∈ R,

lim sup
n→∞

xn = L ⇐⇒

{
∀ε > 0 ∃N ∀n ≥ N : xn < L+ ε,

∀ε > 0 ∀N ∃n ≥ N : xn > L− ε.

For ℓ ∈ R,

lim inf
n→∞

xn = ℓ ⇐⇒

{
∀ε > 0 ∃N ∀n ≥ N : xn > ℓ− ε,

∀ε > 0 ∀N ∃n ≥ N : xn < ℓ+ ε.

Lemma 1.56 (Infinite values). [Ex. 1.25]

lim sup
n→∞

xn = −∞ ⇐⇒ xn → −∞,

lim inf
n→∞

xn = +∞ ⇐⇒ xn → +∞,

lim sup
n→∞

xn = +∞ ⇐⇒ ∀M ∈ R ∀N ∃n ≥ N : xn > M,

lim inf
n→∞

xn = −∞ ⇐⇒ ∀M ∈ R ∀N ∃n ≥ N : xn < M.

The last two conditions guarantee subsequences tending to the corresponding infinity; they do not require the entire sequence
to do so.

Theorem 1.57 (Convergence criterion). [Cor. 1.12; Prop. 1.15][Ex. 1.23]

For L ∈ R, xn → L ⇐⇒ lim infn→∞ xn = lim supn→∞ xn = L.

This equivalence also holds with L = ±∞ under the extended-limit convention. In the bounded case, all three quantities are
finite.

Lemma 1.58 (Order and addition). [Ex. 1.30–31][Consequence]

If xn ≤ yn eventually, then lim infn→∞ xn ≤ lim infn→∞ yn, lim supn→∞ xn ≤ lim supn→∞ yn.

In particular, if xn → x ∈ R, then x ≤ lim infn→∞ yn. For bounded sequences (xn), (yn), lim infn→∞ xn + lim infn→∞ yn ≤
lim infn→∞(xn + yn) ≤ lim supn→∞(xn + yn) ≤ lim supn→∞ xn + lim supn→∞ yn.

If xn → x ∈ R and (yn) is bounded, then the sharper equalities hold: lim supn→∞(xn + yn) = x +
lim supn→∞ yn, lim infn→∞(xn + yn) = x+ lim infn→∞ yn.

The limsup equality strengthens the inequality requested in Exercise 31.

Lemma 1.59 (Scaling). [Consequence]

For bounded (xn) and c ∈ R,

c > 0 : lim supn→∞(cxn) = c lim supn→∞ xn, lim infn→∞(cxn) = c lim infn→∞ xn,

c < 0 : lim supn→∞(cxn) = c lim infn→∞ xn, lim infn→∞(cxn) = c lim supn→∞ xn,

c = 0 : lim supn→∞(cxn) = lim infn→∞(cxn) = 0.

Definition 1.60 (Extended cluster values).

Clust(xn) =
{
L ∈ R : ∃n1 < n2 < · · · , xnk

→ L
}
.

9
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1. Calculus Review
Subsequential limits and Bolzano–Weierstrass (continued)

Theorem 1.61 (Extremal cluster values). [Ex. 1.27, 29, 32]

Every real sequence has subsequences converging in R to its liminf and limsup. Moreover, ∅ ≠ Clust(xn), min Clust(xn) =
lim infn→∞ xn, max Clust(xn) = lim supn→∞ xn.

In particular, L ∈ Clust(xn) =⇒ lim infn→∞ xn ≤ L ≤ lim supn→∞ xn.

For bounded sequences, every cluster value is a real number.

Theorem 1.62 (Monotone subsequence). [Ex. 1.28]

Every real sequence has an increasing or a decreasing subsequence.

Theorem 1.63 (Bolzano–Weierstrass). [Th. 1.11]

(xn) bounded =⇒ ∃L ∈ R ∃n1 < n2 < · · · : xnk
→ L.

Corollary 1.64 (Cauchy subsequence). [Cor. 1.14]

Every bounded real sequence has a Cauchy subsequence.

Theorem 1.65 (Subsequence-of-subsequence criterion). [Ex. 1.33]

For a real sequence (xn) and L ∈ R,

xn → L ⇐⇒ every subsequence (xnk
) has a further subsequence (xnkj

) converging to L.

For bounded (xn), this is also equivalent to Clust(xn) = {L}.

Lemma 1.66 (Summability and nan). [Ex. 1.34]

an ≥ 0,
∞∑

n=1

an < ∞ =⇒ lim inf
n→∞

nan = 0.

The full limit need not be zero. For example,
an = 1

n2 + 1
n

1{2k:k∈N}(n)

is strictly positive and summable, while lim infn→∞ nan = 0, lim supn→∞ nan = 1.
If, additionally, (an) is decreasing, then nan → 0.

Theorem 1.67 (Ratio test). [Ex. 1.35]

Let an > 0 and rn = an+1/an. Then

lim sup
n→∞

rn < 1 =⇒
∑

n

an < ∞,

lim inf
n→∞

rn > 1 =⇒ an → +∞ =⇒
∑

n

an = +∞.

The case rn → 1 is inconclusive: ∑
n

1
n2 < ∞,

∑
n

1
n

= +∞,

and both term sequences have successive-term ratio tending to 1.

Theorem 1.68 (Root test). [Ex. 1.36]

Let an ≥ 0, and let ρ = lim supn→∞ a
1/n
n . Then

ρ < 1 =⇒
∑

n

an < ∞, ρ > 1 =⇒ an ̸→ 0 =⇒
∑

n

an = +∞.

The second assertion is stronger than the exercise’s sufficient condition lim infn→∞ a
1/n
n > 1. The case ρ = 1 is inconclusive;

the two series above also have a1/n
n → 1.

Definition 1.69 (Limsup and liminf of sets). [Ex. 1.37]

For En ⊂ S, define

lim sup
n→∞

En =
∞⋂

N=1

⋃
n≥N

En, lim inf
n→∞

En =
∞⋃

N=1

⋂
n≥N

En.

Lemma 1.70 (Membership and complements). [Ex. 1.37–38]

x ∈ lim sup
n

En ⇐⇒ ∀N ∃n ≥ N : x ∈ En,

x ∈ lim inf
n

En ⇐⇒ ∃N ∀n ≥ N : x ∈ En.

Consequently, lim infn En ⊂ lim supn En,

lim infn(Ec
n) = (lim supn En)c, lim supn(Ec

n) = (lim infn En)c.

10
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1. Calculus Review
Limits of sequences of sets (continued)

Definition 1.71 (Set limit). [Ex. 1.39]

En → E ⇐⇒ lim infn En = lim supn En = E.

Equivalently, each x ∈ S belongs to En eventually if x ∈ E, and belongs to Ec
n eventually if x /∈ E.

Lemma 1.72 (Monotone set limits). [Ex. 1.39]

En ⊂ En+1 ∀n =⇒ En →
∞⋃

n=1

En,

En+1 ⊂ En ∀n =⇒ En →
∞⋂

n=1

En.

No nonemptiness assertion for the decreasing intersection follows without further hypotheses.

Corollary 1.73 (Indicator formulation). [Consequence]

Let 1E(x) = 1 for x ∈ E, and 0 otherwise. For every x ∈ S, 1lim supn En(x) = lim supn→∞ 1En(x), 1lim infn En(x) =
lim infn→∞ 1En (x).
Thus

En → E ⇐⇒ ∀x ∈ S : 1En (x) → 1E(x).

Definition 1.74 (Limit relative to a domain). Let f : D → R and let c be an accumulation point of D. For L ∈ R,

lim
x→c
x∈D

f(x) = L ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x ∈ D : 0 < |x− c| < δ =⇒ |f(x) − L| < ε.

When D contains a punctured neighborhood of c, write simply limx→c f(x) = L.

Theorem 1.75 (Sequential characterization of a function limit). [Th. 1.17][Ex. 1.40]

Let f : D → R, with c an accumulation point of D. The following are equivalent:
(i) limx→c, x∈D f(x) exists as a finite real number.
(ii) There is L ∈ R such that for every (xn) ⊂ D \ {c}, xn → c =⇒ f(xn) → L.
(iii) For every (xn) ⊂ D \ {c} converging to c, the sequence (f(xn)) has a finite limit.
In (iii), the limits are necessarily the same for all such sequences. For a specified L, the epsilon–delta definition is equivalent to
(ii) with that same L.

Theorem 1.76 (Sequential characterization of continuity). [Th. 1.18][Ex. 1.41]

For f : D → R, c ∈ D, the following are equivalent:
(i) f is continuous at c.
(ii) For every (xn) ⊂ D, xn → c =⇒ f(xn) → f(c).
(iii) For every (xn) ⊂ D converging to c, (f(xn)) has a finite limit.
Condition (iii) forces that limit to equal f(c).

Corollary 1.77 (Sequential tests for failure). [Consequence]

f is not continuous at c ∈ D if and only if

∃ε0 > 0 ∃(xn) ⊂ D : xn → c, |f(xn) − f(c)| ≥ ε0 ∀n.

If two sequences in D \ {c} approach c and their function values converge to different finite limits, the function has no limit at c.

Definition 1.78 (One-sided limits and one-sided continuity). For a function defined on the corresponding side of c,

f(c+) = L ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x : 0 < x− c < δ =⇒ |f(x) − L| < ε,

f(c−) = L ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x : 0 < c− x < δ =⇒ |f(x) − L| < ε.

f right-continuous at c ⇐⇒ f(c+) = f(c), f left-continuous at c ⇐⇒ f(c−) = f(c).
At an endpoint of a domain interval, continuity is interpreted relative to that interval and uses only the available side.
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1. Calculus Review
One-sided limits and monotone functions (continued)

Theorem 1.79 (Sequential and two-sided criteria). [Ex. 1.43][Th. 1.18(iv)]

For f defined to the right of c,

f(c+) = L ⇐⇒ ∀(xn) : xn > c, xn → c =⇒ f(xn) → L.

Existence of a finite right-hand limit is also equivalent to finite convergence of f(xn) for every sequence approaching c from the
right. The corresponding statements hold from the left. If f is defined on both sides, limx→c f(x) = L ⇐⇒ f(c−) = f(c+) = L.

If f(c) is defined, then f continuous at c ⇐⇒ f(c−) = f(c) = f(c+).

Definition 1.80 (Finite one-sided discontinuities). Under the chapter’s use of “jump discontinuity,” f(c−), f(c+) ∈
R, f(c−) ̸= f(c) or f(c+) ̸= f(c).
The following more specific distinctions are useful:

removable discontinuity: f(c−) = f(c+) ̸= f(c),
nonzero jump: f(c−) ̸= f(c+).

The chapter’s broad convention includes the removable case.

Definition 1.81 (Monotone functions). For f : I → R,

f increasing ⇐⇒ ∀x, y ∈ I : x < y =⇒ f(x) ≤ f(y),
f decreasing ⇐⇒ ∀x, y ∈ I : x < y =⇒ f(x) ≥ f(y).

Strict monotonicity replaces the conclusion by a strict inequality.

Proposition 1.82 (One-sided limits of monotone functions). [Prop. 1.19][Ex. 1.49]

If f : (a, b) → R is increasing and c ∈ (a, b), then

f(c−) = sup{f(t) : a < t < c} ∈ R,
f(c+) = inf{f(t) : c < t < b} ∈ R,
f(c−) ≤ f(c) ≤ f(c+).

Consequently, f continuous at c ⇐⇒ f(c−) = f(c+),
and a discontinuity has f(c−) < f(c+). For decreasing f , f(c−) = infa<t<c f(t), f(c+) = supc<t<b f(t), f(c−) ≥
f(c) ≥ f(c+).
Thus a monotone function has finite one-sided limits at every interior point and only nonzero jumps at its interior discontinuities.

Proposition 1.83 (Limits at infinity). [Ex. 1.44]

If f : R → R is increasing and bounded, then limx→+∞ f(x) = supx∈R f(x), limx→−∞ f(x) = infx∈R f(x).
For decreasing bounded f , these two extrema are interchanged. Without boundedness, the increasing-function formulas hold as
extended limits. For a finite L, the limits at infinity mean

lim
x→+∞

f(x) = L ⇐⇒ ∀ε > 0 ∃M ∈ R ∀x > M : |f(x) − L| < ε,

lim
x→−∞

f(x) = L ⇐⇒ ∀ε > 0 ∃M ∈ R ∀x < M : |f(x) − L| < ε.

Definition 1.84 (Infinite function limits). If f is defined on a punctured neighborhood of c,

lim
x→c

f(x) = +∞ ⇐⇒ ∀H ∈ R ∃δ > 0 : 0 < |x− c| < δ =⇒ f(x) > H,

lim
x→c

f(x) = −∞ ⇐⇒ ∀H ∈ R ∃δ > 0 : 0 < |x− c| < δ =⇒ f(x) < H.

Each implication is required for every x in the domain. One-sided infinite limits replace 0 < |x− c| < δ by the corresponding
one-sided inequality. At +∞, replace it by x > M for some M ∈ R; at −∞, replace it by x < M .

Lemma 1.85 (Symmetric continuity is weaker than continuity). [Ex. 1.42]

For f defined near c, limh→0 |f(c+ h) − f(c)| = 0 =⇒ limh→0 |f(c+ h) − f(c− h)| = 0.
The reverse implication fails. For f = 1{c}, f(c+ h) = f(c− h) = 0 (h ̸= 0), f(c) = 1.

12
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1. Calculus Review
Continuity consequences and important examples (continued)

Lemma 1.86 (Two continuous branches on rational and irrational points). [Ex. 1.47][Consequence]

Let u, v ∈ C([0, 1]), and set

F (x) =

{
u(x), x ∈ Q,
v(x), x /∈ Q.

Then Cont(F ) = {c ∈ [0, 1] : u(c) = v(c)}.

Example 1.87 (Standard continuity sets). [Ex. 1.47]

On [0, 1], define

D(x) =

{
0, x ∈ Q,
1, x /∈ Q,

G(x) = xD(x), H(x) =

{
x, x ∈ Q,
1 − x, x /∈ Q.

Then Cont(D) = ∅, Cont(G) = {0}, Cont(H) = {1/2}.
Replacing a rational branch by the irrational branch, and conversely, leaves these continuity sets unchanged.

Example 1.88 (Thomae’s function). [Ex. 1.47]

For x ∈ [0, 1], define

T (x) =

{
1/q, x = m/q ∈ Q, m ∈ Z, q ∈ N, gcd(|m|, q) = 1,
0, x /∈ Q.

Then Cont(T ) = [0, 1] \ Q.
In fact, limx→c, x∈[0,1] T (x) = 0 for every c ∈ [0, 1], with one-sided interpretation at 0 and 1.

Definition 1.89 (Injective, surjective, bijective). For f : A → B,

f injective ⇐⇒ ∀x, y ∈ A : f(x) = f(y) =⇒ x = y,

f surjective ⇐⇒ ∀b ∈ B ∃a ∈ A : f(a) = b,

f bijective ⇐⇒ f injective and surjective.

Every strictly monotone function is injective.

Theorem 1.90 (Increasing extension from rational points). [Ex. 1.50]

Let D = [0, 1] ∩ Q, and let f : D → R be increasing. Set g−(x) = sup{f(q) : q ∈ D, q ≤ x}, g+(x) = inf{f(q) : q ∈ D, x ≤
q}.
These quantities are finite for every x ∈ [0, 1], and g−(x) ≤ g+(x), g−, g+ are increasing, g−(q) = g+(q) = f(q) (q ∈
D).
Thus both are increasing extensions. Every increasing extension g satisfies g−(x) ≤ g(x) ≤ g+(x) (x ∈ [0, 1]).
In particular, the extension is unique if and only if g− = g+ on [0, 1].

Proposition 1.91 (Right-continuous regularization). [Ex. 1.51]

Let f : [a, b] → R be increasing, a < b, and define

g(x) =

{
f(x+) = infx<t≤b f(t), a ≤ x < b,

f(b), x = b.

Then g is increasing, g(x+) = g(x) (a ≤ x < b), f(x) ≤ g(x).
At every point where f is continuous relative to [a, b], g(x) = f(x).

Corollary 1.92 (Left-continuous version). [Consequence]

For the same f , set

h(x) =

{
f(a), x = a,

f(x−) = supa≤t<x f(t), a < x ≤ b.

Then h is increasing and left-continuous on (a, b], and h(x) ≤ f(x) ≤ g(x) (x ∈ [a, b]).
At interior continuity points, h(x) = f(x) = g(x).
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2. Countable and Uncountable Sets
Cardinality and countability

Definition 2.1 (Equivalence, cardinality, and function sets). For sets A,B,

A ∼ B ⇐⇒ ∃f : A → B bijective, |A| ≤ |B| ⇐⇒ ∃f : A → B injective,

P(A) = {E : E ⊂ A}, BA = {f : f : A → B}, |A| < |B| ⇐⇒ |A| ≤ |B| ∧A ̸∼ B.

A is finite iff A ∼ {1, . . . , n} for some n ≥ 0, with {1, . . . , 0} = ∅. It is countable iff it admits an injection into N, countably
infinite iff A ∼ N, and uncountable iff it is not countable.

ℵ0 = |N|, c = |R|, |A| + |B| = |(A× {0}) ∪ (B × {1})|, |A| |B| = |A×B|.

Set-theoretic assertions use the usual axiom of choice.

Proposition 2.2 (No universal set). With all variables ranging over sets,

¬∃U ∀A : A ∈ U.

Lemma 2.3 (Subsets and images of countable sets). [Lemma 2.2][Ex. 2.7]

Every subset of a countable set is countable. If A ⊂ N is infinite, then A = {a1 < a2 < · · · } and A ∼ N. The image of a
countable set under any function is countable. If g : C → A is injective and A is countable, then C is countable.

Theorem 2.4 (Countable unions and finite products). [Th. 2.6; Cor. 2.7][Ex. 2.3]

(∀n ∈ N, An countable) =⇒
⋃
n≥1

An countable.

Finite products of countable sets are countable. Consequently, Z ∼ Q ∼ N, Nk ∼ N (k ≥ 1), ℵk
0 = ℵ0, ℵ0 + ℵ0 = ℵ0.

Proposition 2.5 (Infinite sets and countable modifications). [Ex. 2.2,4–6,14,17]

If A is infinite, then
∀n ∈ N ∃E ⊂ A : |E| = n, ∃S ⊂ A : S ∼ N,

A ∼ A \ {a} (a ∈ A), A infinite ⇐⇒ ∃B ⊊ A : A ∼ B.

If B is countable, then A ∼ A ∪B. If A is uncountable and B is countable, then A ∼ A \B, and A \B is uncountable. Every
infinite A has a partition A =

⊔
n≥1 An with every An infinite.

Theorem 2.6 (Uncountability and Cantor’s theorem). [Th. 2.9; Cor. 2.10; Th. 2.12]

|R| > ℵ0, |R \ Q| = c.

For every set A, no F : A → P(A) is surjective; equivalently, |A| < |P(A)|.

Theorem 2.7 (Cantor–Schröder–Bernstein). [Th. 2.13]

(∃f : A ↪→ B) ∧ (∃g : B ↪→ A) =⇒ A ∼ B.

Corollary 2.8 (Continuum cardinalities). [Ex. 2.8–10,19]

For every nondegenerate real interval I, and every k ∈ N, I ∼ R ∼ Rk ∼ RN ∼ {0, 1}N ∼ P(N),

c = 2ℵ0 , ck = c, cℵ0 = c, cℵ0 = c.

For any A, the map E 7→ 1E is a bijection P(A) → {0, 1}A.

Proposition 2.9 (Countable exceptional families). [Ex. 2.12,15–16]

For every integer base p ≥ 2, the real numbers with nonunique fractional base-p expansions form a countable set; even their
union over all bases is countable. Eventually periodic expansions represent rational numbers, and their set is countable. Every
pairwise disjoint family of nonempty open intervals in R is countable.

A := {z ∈ C : ∃P ∈ Z[t] \ {0}, P (z) = 0} is countable.

The real transcendental numbers have cardinality c.
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2. Countable and Uncountable Sets
Cardinality and countability (continued)

Proposition 2.10 (Explicit transcendental numbers).{∑
n≥1

an10−n! : an ∈ {1, . . . , 9}

}
⊂ R \ A, e, π ∈ R \ A.

The displayed family has cardinality c.

Proposition 2.11 (Two uncountable constructions). [Ex. 2.18,20]∣∣∣∣∣
{∑

n≥1

an10−n : an ∈ {0, 1, 2, 4, 5, 6, 8, 9}

}∣∣∣∣∣ = c.

There exists {Sα : α ∈ {0, 1}N} ⊂ P(N) such that each Sα is infinite and α ̸= β =⇒ |Sα ∩ Sβ | < ∞.

Definition 2.12 (Ternary Cantor set). Put C0 = [0, 1] and, for n ≥ 1,

Cn =
⋃

(a1,...,an)∈{0,2}n

[
n∑

j=1

aj3−j ,

n∑
j=1

aj3−j + 3−n

]
, K =

⋂
n≥0

Cn.

The n-th stage contains 2n disjoint intervals of length 3−n. The discarded gaps at stage n number 2n−1, each of length 3−n.

∞∑
n=1

2n−13−n = 1, K = 1
3 K ∪

( 2
3 + 1

3 K
)
.

Theorem 2.13 (Digit description and cardinality). [Th. 2.15; Cor. 2.16]

x ∈ K ⇐⇒ x =
∑
n≥1

2bn3−n for some (bn) ∈ {0, 1}N.

This representation using only digits 0, 2 is unique. The coding map (bn) 7→
∑

2bn3−n is a bijection, and |K| = c.

Proposition 2.14 (Topology, endpoints, and differences). [Ex. 2.21–25]

K is compact, perfect, nowhere dense, and has Lebesgue measure zero:

K′ = K, intR K = ∅, m(K) = 0, K − K = [−1, 1], K + K = [0, 2].

Its endpoints form the countable dense subset E = K ∩ {a3−n : a ∈ Z, n ≥ 0}.
Every point of K is a limit of distinct endpoints. Every discarded gap is

(
s+ 3−n, s+ 2 3−n

)
, s =

n−1∑
j=1

aj3−j , aj ∈ {0, 2}.

A finite ternary expansion ending in two or more consecutive 1’s is outside K. Also Cont(1K) = R \ K.

Definition 2.15 (Cantor function). [Cor. 2.16 and extension after Exercise 27]

Define F0 : K → [0, 1] by

F0

(∑
n≥1

2bn3−n

)
=
∑
n≥1

bn2−n.

Its extension F : [0, 1] → [0, 1] is F (x) = sup{F0(t) : t ∈ K, t ≤ x}.

Theorem 2.16 (Properties of the Cantor function). [Ex. 2.26–29]

F is continuous, increasing, and surjective, with F (0) = 0, F (1) = 1. It is constant on the closure of every discarded gap. For
x < y in K, F0(x) = F0(y) ⇐⇒ (x, y) is one discarded gap.
The lower endpoint x in this equality case has two ternary representations (the word “binary” in Exercise 2.26 is erroneous).
If x, y ∈ K and |x − y| < 3−n, then they lie in the same component of Cn, and |F0(x) − F0(y)| ≤ 2−n. For x > 0 in K,
F0(x) = sup{F0(t) : t ∈ K, t < x}.
At x = 0, use F0(0) = 0 instead of the supremum of the empty set. Finally F ′(x) = 0 for x ∈ (0, 1) \ K, so F ′ = 0
Lebesgue-almost everywhere on [0, 1].
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2. Countable and Uncountable Sets
The Cantor set and the Cantor function (continued)

Proposition 2.17 (Generalized Cantor sets). [Ex. 2.30]

Fix 0 < α < 1. At stage n, remove the middle open interval of length α3−n from each of the 2n−1 surviving intervals. Let Kα

be the intersection of the surviving stages. Then

length of each stage-n interval = 1 − α+ α(2/3)n

2n
,

Kα is compact, perfect, nowhere dense, |Kα| = c, m(Kα) = 1 − α.

Proposition 2.18 (Omitting one digit). [Ex. 2.31]

For an integer p ≥ 3 and d ∈ {0, . . . , p− 1}, put

Kp,d =

{∑
n≥1

anp
−n : an ∈ {0, . . . , p− 1} \ {d}

}
.

Then Kp,d is compact, |Kp,d| = c, and m(Kp,d) = 0. At stage n, it is covered by (p− 1)n closed intervals of length p−n. If a
representation with integer part 1 is allowed at the endpoint 1, the digit-omission set may differ from this fractional coding
only at that endpoint; the cardinality and measure conclusions are identical.

Theorem 2.19 (Discontinuity sets of monotone functions). [Th. 2.17][Ex. 2.32,34]

If f : I → R is monotone on an interval I, its relative discontinuity set D(f) is countable. Thus Cont(f) is dense in I. At an
interior discontinuity the finite one-sided limits differ; for increasing f , f(x−) ≤ f(x) ≤ f(x+), f(x−) < f(x+).
Conversely, every countable D ⊂ R is the discontinuity set of some increasing function R → R, and even of a strictly increasing
function. For distinct (xn)n∈J enumerating D, with J ⊂ N, choose cn > 0 with

∑
n∈J cn < ∞. One such increasing function is

h(x) =
∑

n∈J, xn≤x

cn, h(x+) = h(x), h(xn) − h(xn−) = cn.

Then D(h) = D, and x 7→ x+ h(x) is strictly increasing with the same discontinuity set.

Corollary 2.20 (Monotone surjections between closed intervals). [Cor. 2.18]

If a ≤ b, c ≤ d, and f : [a, b] → [c, d] is monotone and surjective, then f is continuous relative to [a, b].

Proposition 2.21 (Total jump bound). [Ex. 2.33,35]

For increasing f : [a, b] → R, and any finite set of interior points S,∑
x∈S

(
f(x+) − f(x−)

)
≤ f(b) − f(a).

The analogous inequality for decreasing f uses absolute values. Let {xn} enumerate the relative discontinuities, and set

an =

{
f(xn) − f(xn−), xn > a,

0, xn = a,
bn =

{
f(xn+) − f(xn), xn < b,

0, xn = b.

Then an, bn ≥ 0, and ∑
n

(an + bn) ≤ f(b) − f(a).

Theorem 2.22 (Continuous part plus pure jumps). [Ex. 2.36]

With the preceding notation,
h(x) =

∑
xn≤x

an +
∑

xn<x

bn, g(x) = f(x) − h(x).

Both h and g are increasing on [a, b], g is continuous relative to [a, b], and f = g + h.
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3. Metrics and Norms
Metrics, pseudometrics, and constructions

Definition 3.1 (Metric and pseudometric). A metric on X is a function d : X ×X → [0,∞) satisfying, for all x, y, z ∈ X,
d(x, y) = 0 ⇐⇒ x = y, d(x, y) = d(y, x), d(x, z) ≤ d(x, y) + d(y, z).
A pseudometric satisfies d(x, x) = 0, symmetry, and the triangle inequality, but may have d(x, y) = 0 for x ̸= y. All distances
are finite. The metric subspace on A ⊂ X uses d|A×A.

Example 3.2 (Elementary metrics). [Ex. 3.1]

ddisc(x, y) =

{
0, x = y,

1, x ̸= y,
dR(x, y) = |x− y|, d(0,∞)(x, y) = |x−1 − y−1|.

Lemma 3.3 (Distance inequalities and minimal axioms). [Ex. 3.2–4]

|d(x, z) − d(y, z)| ≤ d(x, y), |d(x, y) − d(u, v)| ≤ d(x, u) + d(y, v).
If d : X2 → R satisfies d(x, y) = 0 ⇐⇒ x = y and d(x, y) ≤ d(x, z) + d(y, z), then d is a metric. If a nonnegative symmetric
separating function satisfies the reversed triangle inequality d(x, y) ≥ d(x, z) + d(z, y), then |X| ≤ 1.

Proposition 3.4 (Metric transforms). [Ex. 3.5–7]

If ϕ : [0,∞) → [0,∞) is increasing, ϕ(0) = 0, ϕ(t) > 0 for t > 0, and ϕ(s+ t) ≤ ϕ(s) + ϕ(t), then ϕ ◦ d is a metric. Sufficient
conditions for the last inequality include a decreasing ratio ϕ(t)/t, or concavity with ϕ(0) = 0. In particular,

dθ (0 < θ ≤ 1), d

1 + d
, min{d, 1}

are metrics equivalent to d.

Proposition 3.5 (Combining metrics). [Ex. 3.8]

If d1, d2 are metrics on X, then d1 + d2 and max{d1, d2} are metrics; min{d1, d2} need not be. On {a, b, c}, take the edge
lengths (d1(a, b), d1(b, c), d1(a, c)) = (1, 3, 3), (d2(a, b), d2(b, c), d2(a, c)) = (3, 1, 3).
Their minimum has lengths (1, 1, 3). Also |x− y|2 fails the triangle inequality on R.

Definition 3.6 (Hilbert cube and countable products). [Ex. 3.9–11]

H = [−1, 1]N, dH(x, y) =
∑
n≥1

2−n|xn − yn|,

dΠ(x, y) =
∑
n≥1

2−n |xn − yn|
1 + |xn − yn|

(x, y ∈ RN).

Both are metrics; dH also restricts to a metric on {0, 1}N. For x, y ∈ H and Mk = max1≤j≤k |xj − yj |, 2−kMk ≤ dH(x, y) ≤
(1 − 2−k)Mk + 21−k ≤ Mk + 21−k.

The tail term 21−k is required for the cube [−1, 1]N. For either product metric, convergence is equivalent to coordinatewise
convergence.

Example 3.7 (Metrics on continuous functions). [Ex. 3.12–13]

For a < b, on C([a, b]),

d∞(f, g) = max
t∈[a,b]

|f(t) − g(t)|, d1(f, g) =
∫ b

a

|f − g| dt,

are metrics. On C([0, 1]), another metric is
∫ 1

0 min{|f(t) − g(t)|, 1} dt.

Definition 3.8 (Norm and seminorm). Let V be a vector space over F ∈ {R,C}. A norm ∥ · ∥ : V → [0,∞) satisfies
∥x∥ = 0 ⇐⇒ x = 0, ∥λx∥ = |λ|∥x∥, ∥x+ y∥ ≤ ∥x∥ + ∥y∥.
A seminorm satisfies the latter two axioms and ∥0∥ = 0, with no separation requirement. The textbook also calls it a pseudonorm.
d(x, y) = ∥x− y∥ is the induced metric; every linear subspace inherits the norm.

Proposition 3.9 (Norm-induced metrics). [Ex. 3.16]

A metric d on V is induced by a norm iff d(x, y) = d(x− y, 0), d(λx, λy) = |λ|d(x, y).
Then ∥x∥ = d(x, 0). The discrete metric on a nonzero real vector space is not induced by a norm.
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3. Metrics and Norms
Normed spaces and classical inequalities (continued)

Definition 3.10 (Finite and infinite sequence norms). [Ex. 3.17,20–23]

For 1 ≤ p < ∞,

∥x∥p =

(
k∑

j=1

|xj |p
)1/p

(x ∈ Fk), ∥x∥∞ = max
j

|xj |,

ℓp =

{
x ∈ FN :

∑
n≥1

|xn|p < ∞

}
, ∥x∥p =

(∑
n≥1

|xn|p
)1/p

,

ℓ∞ = {x : sup
n

|xn| < ∞}, ∥x∥∞ = sup
n

|xn|, c0 = {x : xn → 0}, c00 = {x : xn = 0 eventually}.

These are normed vector spaces (c0, c00 use ∥ · ∥∞). For A = (aij) ∈ Fk×m, the following is a norm:

∥A∥ = max
1≤i≤k

(
m∑

j=1

|aij |2
)1/2

.

Proposition 3.11 (Norm comparisons). [Ex. 3.18,22–23,44]

For x ∈ Fk,
∥x∥∞ ≤ ∥x∥2 ≤ ∥x∥1, ∥x∥1 ≤ k∥x∥∞, ∥x∥2 ≤

√
k∥x∥∞, ∥x∥1 ≤

√
k∥x∥2.

More generally, 1 ≤ p < q ≤ ∞ implies ∥x∥q ≤ ∥x∥p ≤ k1/p−1/q∥x∥q (x ∈ Fk),
with 1/∞ = 0. For infinite sequences,

ℓp ⊊ ℓq ⊊ c0 ⊊ ℓ∞ (1 ≤ p < q < ∞), ∥x∥q ≤ ∥x∥p (x ∈ ℓp).

Lemma 3.12 (Cauchy–Schwarz). [Lemma 3.3][Ex. 3.19]

For x, y ∈ ℓ2, ∑
n

|xnyn| ≤ ∥x∥2∥y∥2, |⟨x, y⟩| ≤ ∥x∥2∥y∥2, ⟨x, y⟩ =
∑

n

xnyn.

Equality in the first inequality iff the nonnegative sequences (|xn|), (|yn|) are proportional, including either zero sequence.
Equality in the second iff x, y are linearly dependent. For real sequences,

∑
xnyn = ∥x∥2∥y∥2 iff one is a nonnegative multiple

of the other (including zero cases).

Lemma 3.13 (Power-sum estimate). [Lemma 3.5]

For p ≥ 1 and a, b ≥ 0, (a+ b)p ≤ 2p−1(ap + bp) ≤ 2p(ap + bp).
In particular, x, y ∈ ℓp =⇒ x+ y ∈ ℓp.

Lemma 3.14 (Young). [Lemma 3.6]

Let 1 < p < ∞, q = p/(p− 1). For a, b ≥ 0,

ab ≤ ap

p
+ bq

q
, equality ⇐⇒ ap = bq ⇐⇒ b = ap−1.

Lemma 3.15 (Hölder). [Lemma 3.7][Ex. 3.24]

For conjugate exponents 1 ≤ p, q ≤ ∞, 1/p+ 1/q = 1,∑
n

|xnyn| ≤ ∥x∥p∥y∥q (x ∈ ℓp, y ∈ ℓq).

If 1 < p, q < ∞ and both sequences are nonzero, equality iff |xn|p = λ|yn|q for all n, for some λ > 0.

Theorem 3.16 (Minkowski). [Ths. 3.4,3.8]

For 1 ≤ p ≤ ∞ and x, y ∈ ℓp, ∥x+ y∥p ≤ ∥x∥p + ∥y∥p.

Thus every ℓp is a normed vector space.

Proposition 3.17 (Integral analogues). [Ex. 3.25]

For a < b, f, g ∈ C([a, b]), and 1 ≤ p < ∞, put

∥f∥p =

(∫ b

a

|f(t)|p dt

)1/p

, ∥f∥∞ = max
[a,b]

|f |.

These are norms. For conjugate p, q, including (1,∞),∫ b

a

|fg| dt ≤ ∥f∥p∥g∥q, ∥f + g∥p ≤ ∥f∥p + ∥g∥p.

Proposition 3.18 (Limits of power sums). [Ex. 3.26]

For a, b > 0 and Lp = (ap + bp)1/p,

lim
p→∞

Lp = max{a, b}, lim
p→−∞

Lp = min{a, b}, lim
p→−1

Lp = ab

a+ b
,

limp→0+ Lp = +∞, limp→0− Lp = 0.
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3. Metrics and Norms
Balls, boundedness, convergence, and Cauchy sequences (continued)

Definition 3.19 (Balls, neighborhoods, diameter). [Ex. 3.14–15,27–30]

BX
r (x) = {y ∈ X : d(x, y) < r}, B

X

r (x) = {y ∈ X : d(x, y) ≤ r} (r > 0).
U is a neighborhood of x iff Br(x) ⊂ U for some r > 0. diamA = sup{d(a, b) : a, b ∈ A}, diam∅ = 0.
For nonempty A,

A bounded ⇐⇒ ∃x ∈ X ∃r > 0 : A ⊂ Br(x) ⇐⇒ diamA < ∞.

Then supa∈A d(x, a) < ∞ for every x ∈ X. Finite unions of bounded sets are bounded. Also diamBr(x) ≤ 2r, A ⊂ B =⇒
diamA ≤ diamB.

If A ̸= ∅ and diamA < r, then A ⊂ Br(a) for every a ∈ A.

Lemma 3.20 (Diameter of unions). [Ex. 3.31]

A ∩B ̸= ∅ =⇒ diam(A ∪B) ≤ diamA+ diamB.

Without the intersection hypothesis, take A = {0}, B = {1} in R.

Proposition 3.21 (Normed-space balls). [Ex. 3.32]

Br(x) = x+Br(0), Br(0) = rB1(0).
In R, Br(x) = (x− r, x+ r). In a discrete space, Br(x) = {x} for 0 < r ≤ 1, and Br(x) = X for r > 1.

Definition 3.22 (Metric convergence and Cauchy condition).

xn → x ⇐⇒ d(xn, x) → 0 ⇐⇒ ∀ε > 0 ∃N ∀n ≥ N : d(xn, x) < ε.

Equivalently, (xn) is eventually in every neighborhood of x.

(xn) Cauchy ⇐⇒ ∀ε > 0 ∃N ∀m,n ≥ N : d(xm, xn) < ε ⇐⇒ diam{xn : n ≥ N} → 0.

Proposition 3.23 (Basic sequence facts). [Ex. 3.33–37,39]

Limits are unique. Subsequences of a convergent sequence have the same limit. Convergent sequences are Cauchy; Cauchy
sequences are bounded. xn → x, yn → y =⇒ d(xn, yn) → d(x, y).
A Cauchy sequence with a subsequence converging to x converges to x. Also xn → x iff every subsequence has a further
subsequence converging to x.

Lemma 3.24 (Rapidly Cauchy subsequences). [Ex. 3.38]

A sequence has a Cauchy subsequence iff it has a subsequence (xnk
) with d(xnk

, xnk+1) < 2−k for all k. More generally,∑
k d(yk, yk+1) < ∞ implies that (yk) is Cauchy.

Proposition 3.25 (Coordinate convergence and truncations). [Ex. 3.40–41]

On Fk, convergence and the Cauchy condition are equivalent to their coordinatewise versions. In ℓp, norm convergence implies
coordinatewise convergence; the converse fails for the unit vectors en, since (en)j → 0 (j fixed), ∥en∥p = 1.
For PNx = (x1, . . . , xN , 0, . . .),

∥x− PNx∥p
p =

∑
n>N

|xn|p → 0 (x ∈ ℓp, p < ∞),

∥x− PNx∥∞ = supn>N |xn| → 0 ⇐⇒ x ∈ c0.

If x(n) → x, y(n) → y in ℓ2, then ⟨x(n), y(n)⟩ → ⟨x, y⟩.

Example 3.26 (Failures outside complete or compact spaces). In (0, 1], (1/n) is Cauchy but has no limit in the space. In R
with the discrete metric, (n) is bounded but has no Cauchy subsequence. In any discrete space, convergence and the Cauchy
condition each mean eventual constancy.

Definition 3.27 (Equivalent metrics and norms). [Ex. 3.42–45]

Metrics d, ρ on X are equivalent iff

∀(xn) ⊂ X ∀x ∈ X : d(xn, x) → 0 ⇐⇒ ρ(xn, x) → 0.

Two norms are equivalent iff their induced metrics are equivalent, or equivalently iff they have the same sequences converging
to 0. The usual and discrete metrics on N are equivalent; every metric on a finite set is equivalent to the discrete metric.

Proposition 3.28 (Finite product metrics). [Ex. 3.46]

For (X, d), (Y, ρ),
D1((x, y), (u, v)) = d(x, u) + ρ(y, v),

D2((x, y), (u, v)) =
√
d(x, u)2 + ρ(y, v)2,

D∞((x, y), (u, v)) = max{d(x, u), ρ(y, v)}.

These are equivalent metrics, with D∞ ≤ D2 ≤ D1 ≤ 2D∞. Convergence and the Cauchy condition are each equivalent to the
corresponding conditions in both coordinates. The same holds for any finite product.
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4. Open Sets and Closed Sets
Open and closed sets

Definition 4.1 (Open, closed, and clopen). For A ⊂ (X, d),

A open ⇐⇒ ∀x ∈ A ∃r > 0 : Br(x) ⊂ A, A closed ⇐⇒ X \A open.

A set is clopen iff it is both open and closed. Write τd = {U ⊂ X : U open}.

Theorem 4.2 (Operations on open and closed sets). [Ex. 4.1–2]

∅, X, and every open ball are open. Arbitrary unions and finite intersections of open sets are open. Arbitrary intersections and
finite unions of closed sets are closed. Every finite set is closed. If F is closed and G open, F \G is closed and G \ F is open.
Finite products of open sets are open in the product, and finite products of closed sets are closed. In a discrete space, every
subset is clopen.

Example 4.3 (Infinite operations).
⋂

n≥1(−1/n, 1/n) = {0} is not open,
⋃

n≥1[1/n, 1] = (0, 1] is not closed.
The set (0, 1] ⊂ R is neither open nor closed.

Theorem 4.4 (Open subsets of the real line). [Th. 4.6][Ex. 4.7–8,25]

Every open U ⊂ R is a countable disjoint union of maximal open intervals, possibly unbounded. This family of maximal
intervals is unique. Also U =

⋃
{(r, s) : r, s ∈ Q, r < s, (r, s) ⊂ U}, |τR| = c.

Every open real set is a countable union of closed bounded intervals. Every closed real interval is a countable intersection of
open intervals. The only clopen subsets of R are ∅ and R.

Theorem 4.5 (Sequential characterizations). [Ths. 4.7,4.9]

U open ⇐⇒
[
xn → x ∈ U =⇒ ∃N ∀n ≥ N : xn ∈ U

]
.

The following are equivalent:

F closed;
[
∀r > 0, Br(x) ∩ F ̸= ∅ =⇒ x ∈ F

]
;
[
(xn) ⊂ F, xn → x ∈ X =⇒ x ∈ F

]
.

Corollary 4.6 (Equivalent metrics). [Ex. 4.3]

d ∼ ρ ⇐⇒ τd = τρ ⇐⇒ d, ρ have the same closed sets.

Proposition 4.7 (Intersections of open sets). [Ex. 4.4,29]

For any A ⊂ X, A =
⋂

x∈X\A(X \ {x}).
Every closed set in a metric space is a countable intersection of open sets; every open set is a countable union of closed sets.

Definition 4.8 (Interior and closure).

intX A =
⋃

{U ⊂ A : U ∈ τd} = {x ∈ A : ∃r > 0, Br(x) ⊂ A},

A
X = clX A =

⋂
{F ⊃ A : F closed in X}.

When the ambient space is unambiguous, write A◦ and A.

Theorem 4.9 (Closure tests). [Prop. 4.10; Cor. 4.11]

x ∈ A ⇐⇒ ∀r > 0 : Br(x) ∩A ̸= ∅ ⇐⇒ ∃(an) ⊂ A : an → x.
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4. Open Sets and Closed Sets
Interior, closure, boundary, and derived sets (continued)

Proposition 4.10 (Closure and interior identities). [Ex. 4.17,20–24]

A◦ ⊂ A ⊂ A, A = A, (A◦)◦ = A◦,

A open ⇐⇒ A = A◦, A closed ⇐⇒ A = A,

A = X \ int(X \A), A◦ = X \X \A,
A ∪B = A ∪B, A ∩B ⊂ A ∩B,

int(A ∩B) = A◦ ∩B◦, A◦ ∪B◦ ⊂ int(A ∪B).

Both operations preserve inclusion. The inclusion for intersections of closures may be strict: A = (0, 1), B = (1, 2). The
inclusion for interiors of unions may be strict: A = Q, B = R \ Q. A ⊂ B need not imply A ⊂ B, e.g. A = R, B = Q.

Proposition 4.11 (Closed balls, extrema, and diameter). [Ex. 4.15–19,42]

Br(x) = {y : d(x, y) ≤ r} is closed, and Br(x) ⊂ Br(x). Equality holds in every normed vector space for r > 0; it may fail in a
discrete space at r = 1. diamA = diamA.

For nonempty bounded E ⊂ R, inf E, supE ∈ E; if E is closed, both are in E.

Definition 4.12 (Distance to a set and between sets). [Ex. 4.26–28,32]

For nonempty A,B ⊂ X, d(x,A) = infa∈A d(x, a), d(A,B) = infa∈A,b∈B d(a, b).
d(x,A) = 0 ⇐⇒ x ∈ A, |d(x,A) − d(y,A)| ≤ d(x, y), d(x,A) = d(x,A).
Thus {d(·, A) < ε} is open and {d(·, A) ≤ ε} closed. They contain A whenever ε > 0. Disjoint closed sets can have zero
distance: in R2, A = {(t, 0) : t ≥ 1}, B = {(t, 1/t) : t ≥ 1}.

Proposition 4.13 (Countable descriptions and locally finite unions). [Ex. 4.29–30]

For nonempty closed F , F =
⋂

n≥1{x : d(x, F ) < 1/n}.
For open U with nonempty complement, U =

⋃
n≥1{x : d(x,X \ U) ≥ 1/n}.

A locally finite family of closed sets has closed union. In particular, if Fn ⊂ (n, n+ 1) is closed in R for every n ∈ Z,
⋃

n∈Z Fn

is closed. Countable disjoint closed unions need not be closed:
⋃

n≥1{1/n}.

Proposition 4.14 (Metric separation). [Ex. 4.23,31]

If x ≠ y, there exist open U, V with x ∈ U , y ∈ V , and U ∩ V = ∅. If F is closed and x /∈ F , the same holds with F ⊂ V . Any
two disjoint closed sets have open neighborhoods with disjoint closures.

Definition 4.15 (Limit points and isolated points). [Ex. 4.33–35,40]

A′ = {x ∈ X : ∀r > 0, (Br(x) \ {x}) ∩A ̸= ∅}.

For x ∈ A, x is isolated in A iff Br(x) ∩A = {x} for some r > 0, equivalently x /∈ A′.

x ∈ A′ ⇐⇒ ∀r > 0, |Br(x) ∩A| = ∞ ⇐⇒ ∃ pairwise distinct an ∈ A \ {x} : an → x.

A′ is closed, A = A ∪A′, and A closed ⇐⇒ A′ ⊂ A.

Proposition 4.16 (Accumulation and perfect sets). [Ex. 4.36–40]

If xn → x, then {x} ∪ {xn : n ≥ 1} is closed (and compact). Every bounded infinite subset of R has a limit point. A set P is
perfect iff P is closed and P = P ′, including P = ∅. Every nonempty perfect subset of R is uncountable. Every real set has at
most countably many isolated points; hence every uncountable real set has a limit point. K is perfect, as is R × {0} ⊂ R2.

Definition 4.17 (Boundary). [Ex. 4.41–45]

∂XA = {x : ∀r > 0, Br(x) ∩A ̸= ∅ and Br(x) ∩Ac ̸= ∅}.

∂A = A ∩Ac = A \A◦ = ∂(Ac),
A = A◦ ⊔ ∂A, X = A◦ ⊔ ∂A ⊔ (Ac)◦,

∂A closed, A closed ⇐⇒ ∂A ⊂ A, ∂A = ∅ ⇐⇒ A clopen.

For nonempty bounded E ⊂ R, inf E, supE ∈ ∂E. Examples: ∂R = ∅, ∂Q = R.
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4. Open Sets and Closed Sets
Density, separability, bases, and nowhere dense sets (continued)

Definition 4.18 (Dense sets and separability). [Ex. 4.46,48]

D dense in X ⇐⇒ D = X ⇐⇒ ∀x ∈ X ∀r > 0 : Br(x) ∩D ̸= ∅

⇐⇒ ∀U ∈ τd \ {∅} : U ∩D ̸= ∅ ⇐⇒ int(Dc) = ∅ ⇐⇒ ∀x ∈ X ∃(dn) ⊂ D : dn → x.

X is separable iff it has a countable dense subset.

Proposition 4.19 (Density identities). [Ex. 4.47,66–67]

If G is open and D dense, then G ∩D
X = G

X , and G ∩D is dense in G. For arbitrary G, this may fail: G = {
√

2}, D = Q in
R. If A ⊂ B ⊂ X, A is dense in B, and B dense in X, then A is dense in X.

Proposition 4.20 (Standard separable spaces). [Ex. 4.48–50,53,68]

Rk, H, ℓp (1 ≤ p < ∞), c0, and C([a, b]) with the supremum norm are separable. Countable dense sets include Qk ⊂
Rk, {(q1, . . . , qN , 0, . . .) : N ∈ N, qj ∈ Q}
in real ℓp, c0 (and with qj ∈ [−1, 1] in H). In C([0, 1]), continuous piecewise linear functions with rational breakpoints and
rational vertex values form a countable dense family. ℓ∞ is not separable: its subset {0, 1}N is uncountable and has pairwise
distances 1. The closure of every separable subset is separable.

Definition 4.21 (Open base and second countability). [Ex. 4.69]

B ⊂ τd is an open base iff
∀U ∈ τd ∀x ∈ U ∃B ∈ B : x ∈ B ⊂ U.

A space is second countable iff it has a countable open base. For metric spaces, X separable ⇐⇒ X second countable.
If D is countable and dense, {Br(x) : x ∈ D, r ∈ Q, r > 0} is a base.

Corollary 4.22 (Countability consequences). [Ex. 4.51–52][Consequence]

A separable metric space has at most countably many isolated points; every family of pairwise disjoint nonempty open sets is
countable. Every metric subspace of a separable metric space is separable.

Definition 4.23 (Nowhere density). [Ex. 4.54,57,60]

For A ⊂ X, the following are equivalent:

intA = ∅; X \A dense; A contains no nonempty open set;

every nonempty open U contains a nonempty open V ⊂ U with V ∩A = ∅; every such U contains an open ball disjoint from
A. These conditions define “A nowhere dense in X.” For closed A, they reduce to A◦ = ∅.

Proposition 4.24 (Nowhere dense examples and operations). [Ex. 4.54–59]

{x} is nowhere dense in X iff x is not isolated in X. Finite unions and arbitrary subsets of nowhere dense sets are nowhere
dense. Every finite real set and the Cantor set are nowhere dense; Q is not. If A is closed, ∂A is nowhere dense. The boundary
of an arbitrary set need not be nowhere dense, since ∂Q = R. For an enumeration (qn) of Q, U =

⋃
n≥1(qn − 2−n, qn + 2−n)

is a proper open dense subset of R, and U c is closed and nowhere dense.

Theorem 4.25 (Subspace formulas). [Prop. 4.13][Ex. 4.61–64]

For E ⊂ A ⊂ X and x ∈ A, BA
r (x) = A ∩BX

r (x), E
A = A ∩ E

X
.

G open in A ⇐⇒ G = A ∩ U (U open in X),
F closed in A ⇐⇒ F = A ∩ C (C closed in X).
If A is open in X, relative openness of G ⊂ A is equivalent to ambient openness. If A is closed, the analogous equivalence holds
for closed sets. In general intA E ̸= A ∩ intX E: take E = A = Q ⊂ R.

Lemma 4.26 (Extending disjoint relative open sets). [Ex. 4.65]

If G,H ⊂ A ⊂ X are disjoint and open in A, there exist disjoint open U, V ⊂ X such that G = A ∩ U , H = A ∩ V .
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5. Continuity
Continuity and its characterizations

Definition 5.1 (Continuity at a point). [Ex. 5.9–10]

For f : (X, d) → (Y, ρ) and x ∈ X,

f continuous at x ⇐⇒ ∀ε > 0 ∃δ > 0 ∀u ∈ X : d(u, x) < δ =⇒ ρ(f(u), f(x)) < ε.

Equivalently, f(Bδ(x)) ⊂ Bε(f(x)), or Bδ(x) ⊂ f−1(Bε(f(x))), for a suitable δ. Continuity of f |A at x ∈ A uses only u ∈ A.
Every function is continuous at every isolated domain point.

Theorem 5.2 (Equivalent continuity criteria). [Th. 5.1][Ex. 5.30]

For f : X → Y , the following are equivalent:
(i) f is continuous at every point of X.
(ii) xn → x implies f(xn) → f(x).
(iii) Every inverse image of an open set is open.
(iv) Every inverse image of a closed set is closed.
(v) f(A) ⊂ f(A) for every A ⊂ X.
(vi) f−1(B◦) ⊂ (f−1(B))◦ for every B ⊂ Y .

Proposition 5.3 (Images and inverse images). [Ex. 5.1]

For f : S → T , A,B ⊂ S, C,D ⊂ T ,

A ⊂ f−1(f(A)), f(f−1(C)) ⊂ C,

f

(⋃
i

Ai

)
=
⋃

i

f(Ai), f

(⋂
i

Ai

)
⊂
⋂

i

f(Ai),

f−1

(⋃
i

Ci

)
=
⋃

i

f−1(Ci), f−1

(⋂
i

Ci

)
=
⋂

i

f−1(Ci),

f(A) \ f(B) ⊂ f(A \B), f−1(C \D) = f−1(C) \ f−1(D),
f−1(T \ C) = S \ f−1(C).

Equality A = f−1(f(A)) for every A, or equality for all binary intersection images, is equivalent to injectivity. Equality
f(f−1(C)) = C for every C is equivalent to surjectivity. The arbitrary intersection image identity holds for injective f when
the index set is nonempty; for the empty family it also requires surjectivity.

Proposition 5.4 (Characteristic functions). [Ex. 5.2–5]

1A∪B = 1A + 1B − 1A1B , 1A∩B = 1A1B , 1A\B = 1A(1 − 1B),
1C ◦ f = 1f−1(C), D(1A) = ∂A, Cont(1A) = A◦ ∪ (Ac)◦.

1A is continuous iff A is clopen. On R, the only continuous characteristic functions are the constants 0, 1.

Proposition 5.5 (Real-valued continuity tests). [Ex. 5.6–8,14,17]

f : X → R is continuous iff {f > a} and {f < a} are open for every a ∈ R; it suffices to use a ∈ Q. If f(x) > 0 and f is
continuous at x, then f > 0 on some neighborhood of x. If continuous f, g : X → Y agree on a dense subset, they agree on X.
If continuous real f is nonnegative on a dense subset, then f ≥ 0 everywhere. Strict positivity does not extend in the same
way: f(t) = (t−

√
2)2. |C(R)| = c.

Lemma 5.6 (Composition and products). [Lemmas 5.7–5.8]

If f : X → Y is continuous at x and g : Y → Z continuous at f(x), then g ◦ f is continuous at x. For finitely many maps
fj : X → Yj , x 7→ (f1(x), . . . , fk(x)) continuous ⇐⇒ each fj continuous.

Proposition 5.7 (Restriction and pasting). [Ex. 5.11,31]

Restrictions of continuous functions are continuous. If X =
⋃

i∈I Ui with every Ui open and every f |Ui continuous, then f is
continuous. The same conclusion holds for a finite closed cover, or a locally finite closed cover. An arbitrary countable closed
cover does not suffice: on X = {0} ∪ {1/n : n ≥ 1}, set f(0) = 0, f(1/n) = 1. Continuity of f |A, f |B alone does not imply
continuity on A ∪B.
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5. Continuity
Continuity and its characterizations (continued)

Proposition 5.8 (Additive functions and graphs). [Ex. 5.15–16]

If f : R → R satisfies f(x + y) = f(x) + f(y) and is continuous at one point, then f(x) = cx for all x, with c = f(1). For
arbitrary f : R → R, the following are equivalent:

f continuous; x 7→ (x, f(x)) continuous; {(x, y) : y ≤ f(x)} and {(x, y) : y ≥ f(x)} closed.

Continuous f has closed graph. The converse fails for f(0) = 0, f(x) = 1/x for x ̸= 0.

Proposition 5.9 (Continuous images and density). [Ex. 5.17–18]

If D is dense in X and f : X → Y continuous, then f(D) is dense in f(X). Continuous images of separable spaces are separable.

Example 5.10 (A map from irrationals onto rationals). [Ex. 5.12]

Let I = [0, 1] \ Q, rn = 1 − 1/n, and let (qn) enumerate [0, 1] ∩ Q. The map g(x) = qn

(
x ∈ I ∩ (rn, rn+1)

)
is continuous on I and maps it onto [0, 1] ∩ Q.

Definition 5.11 (Lipschitz maps and isometries). [Ex. 5.19,25]

f : (X, d) → (Y, ρ) is L-Lipschitz iff ρ(f(x), f(y)) ≤ Ld(x, y) (x, y ∈ X), 0 ≤ L < ∞.

It is an isometry into Y iff equality holds with L = 1; it is an isometry onto iff it is also surjective. Lipschitz maps are uniformly
continuous; isometries are injective and are homeomorphisms onto their images.

Theorem 5.12 (Distance functions and zero sets). [Props. 5.3–5.4][Ex. 5.35–36,39,53]

For nonempty A ⊂ X, x 7→ d(x,A) is 1-Lipschitz and its zero set is A. A subset F ⊂ X is closed iff F = u−1({0}) for some
continuous u : X → R; for F = ∅ use u = 1. A set U is open iff U = {u > 0} for some continuous nonnegative u, taking
u = d(·, U c) when U c ̸= ∅. xn → x ⇐⇒ u(xn) → u(x) for every u ∈ C(X).

Proposition 5.13 (Continuous separation of closed sets). [Ex. 5.21,37–38,40]

If E,F ⊂ X are nonempty, closed, and disjoint, then

u(x) = d(x,E)
d(x,E) + d(x, F )

is continuous, 0 ≤ u ≤ 1, u−1({0}) = E, u−1({1}) = F . The sets {u < 1/3}, {u > 2/3} are open neighborhoods of E,F with
disjoint closures. This conclusion does not require d(E,F ) > 0.

Theorem 5.14 (Extensions). [Ex. 5.41–42]

If C ⊂ R is closed and f : C → R continuous, there exists a continuous g : R → R with g|C = f . On a bounded complementary
interval (a, b) with a, b ∈ C, one may set

g(x) = b− x

b− a
f(a) + x− a

b− a
f(b).

On unbounded complementary rays use the adjacent endpoint value. Every L-Lipschitz f : Q → R has a unique L-Lipschitz
extension to R, given by g(x) = limn f(qn) whenever qn → x.

Definition 5.15 (Semicontinuity). [Ex. 5.32–33]

For real f : X → R,
f lower semicontinuous ⇐⇒ {f ≤ a} closed for all a ∈ R

⇐⇒ f(x) ≤ lim inf
n

f(xn) whenever xn → x,

f upper semicontinuous ⇐⇒ {f ≥ a} closed for all a ∈ R
⇐⇒ f(x) ≥ lim sup

n
f(xn) whenever xn → x.

Continuity is equivalent to both conditions. A finite-valued pointwise supremum of continuous functions is lower semicontinuous;
a finite-valued infimum is upper semicontinuous.

Definition 5.16 (Homeomorphism and open/closed maps). [Ex. 5.56]

A bijection f : X → Y is a homeomorphism iff f and f−1 are continuous. An embedding is a homeomorphism onto its image
with the subspace metric. An open map sends every open subset of X to an open subset of Y ; a closed map sends every closed
subset of X to a closed subset of Y .
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5. Continuity
Homeomorphisms, embeddings, and topological properties (continued)

Theorem 5.17 (Homeomorphism criteria). [Th. 5.5][Ex. 5.43–44,52,54,57–58]

For a bijection f : X → Y , the following are equivalent:
(i) f is a homeomorphism.
(ii) xn → x ⇐⇒ f(xn) → f(x).
(iii) G is open in X iff f(G) is open in Y .
(iv) F is closed in X iff f(F ) is closed in Y .
(v) ρ(f(x), f(y)) defines a metric equivalent to d.
(vi) f(A) = f(A) for every A ⊂ X.
(vii) u ∈ C(Y ) ⇐⇒ u ◦ f ∈ C(X) for every u : Y → R.

For an arbitrary bijection, openness, closedness, and continuity of f−1 are equivalent. Homeomorphism is an equivalence
relation.

Proposition 5.18 (Basic classifications). [Ex. 5.45–46,48,55,60–61]

Every map from a discrete space is continuous. Every continuous map from R to a discrete space is constant. N ∼= {1/n : n ≥
1} ∼= {en : n ≥ 1}, R ∼= (0, 1) ∼= (0,∞),
where ∼= denotes homeomorphism. R is isometric to neither of the latter two intervals. Any two nondegenerate bounded intervals
of the same endpoint type are homeomorphic; the types [a, b], (a, b], and (a, b), with a < b, are pairwise nonhomeomorphic. Every
metric space is homeomorphic to a bounded metric space, using d/(1 + d). Separability is invariant under homeomorphisms.
X ∼= (X, ddisc) ⇐⇒ τd = P(X) ⇐⇒ every u : X → R is continuous.

Example 5.19 (Homeomorphic spaces with inequivalent metrics). [Ex. 5.50]

On X = {0} ∪ {1/n : n ≥ 1}, let d be usual and let T interchange 0, 1 while fixing all other points. Set ρ(x, y) = d(Tx, Ty).
Then T : (X, ρ) → (X, d) is an isometry, but d, ρ are inequivalent: 1/n → 0 in d, while 1/n → 1 in ρ.

Theorem 5.20 (Separable metric spaces embed into the Hilbert cube). [Ex. 5.51]

Let (X, ρ) be separable with ρ ≤ 1, and let (xn) be dense. Φ(x) = (ρ(x, xn))n≥1 ∈ H, dH(Φ(x),Φ(y)) ≤ ρ(x, y).
Φ is injective and is a homeomorphism onto Φ(X). Thus every separable metric space embeds into H.

Example 5.21 (Continuity, openness, and closedness). [Ex. 5.56,59]

x 7→ x2 : R → R is continuous but not open; x 7→ arctan x : R → R is continuous but not closed. The identity from usual R to
discrete R is both open and closed but not continuous. The projection R2 → R, (x, y) 7→ x, is continuous and open but not
closed. The onto map x 7→ x2 : [−1, 2] → [0, 4] is continuous and closed but not open.

Theorem 5.22 (Pointwise algebra and lattice operations). C(X) = {f : X → R : f continuous} is a real vector space, a commu-
tative unital algebra, and a vector lattice under pointwise operations. For f, g ∈ C(X), af+bg, fg, |f |, max{f, g}, min{f, g} ∈
C(X).
If g ̸= 0 everywhere, f/g ∈ C(X). Also max{f, g} = 1

2 (f + g + |f − g|), min{f, g} = 1
2 (f + g − |f − g|).

The maps (s, t) 7→ s+ t, st,max{s, t},min{s, t} are continuous.

Proposition 5.23 (Supremum norm structure). [Ex. 5.62–63]

On C([a, b]), a < b, ∥fg∥∞ ≤ ∥f∥∞∥g∥∞, ∥ max{f, g}∥∞ ≤ max{∥f∥∞, ∥g∥∞},
|f | ≤ |g| =⇒ ∥f∥∞ ≤ ∥g∥∞.

For σ(t) = a + t(b − a), the map T : C([a, b]) → C([0, 1]), Tf = f ◦ σ, is an onto linear isometry, an algebra isomorphism,
and a lattice isomorphism. For finite X = {x1, . . . , xk}, f 7→ (f(x1), . . . , f(xk)) identifies C(X) with Rk, preserving pointwise
algebra, order, and the supremum norm.

Theorem 5.24 (Multiplicative linear functionals on C(R)). If φ : C(R) → R is real-linear and φ(fg) = φ(f)φ(g) for all f, g,
then either φ = 0, or

∃!a ∈ R ∀f ∈ C(R) : φ(f) = f(a).

In the latter case φ(1) = 1. No continuity assumption on φ is needed.

Definition 5.25 (A metric on C(R)). [Ex. 5.64]

pn(f − g) = max
|t|≤n

|f(t) − g(t)|, D(f, g) =
∑
n≥1

2−n pn(f − g)
1 + pn(f − g) .

Each pn(f − g) is a pseudometric; D is a metric. D(fj , f) → 0 iff fj → f uniformly on every bounded closed interval,
equivalently on every compact subset of R.
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6. Connectedness
Connected sets and components

Definition 6.1 (Connectedness and separation). [Ex. 6.3–4]

E ⊂ X is disconnected iff E = A ⊔B, A,B ̸= ∅, A,B open in E.

Equivalently, A,B may be required to be closed in E, or E = A ⊔B, A,B ̸= ∅, A ∩B
X = ∅ = A

X ∩B.

E is connected iff no such separation exists, equivalently its only relatively clopen subsets are ∅, E. If disjoint open U, V ⊂ X
cover a connected E, then E ⊂ U or E ⊂ V .

Lemma 6.2 (Ambient and relative separations). [Lemma 6.3][Ex. 6.1]

Disjoint relatively open subsets G,H ⊂ E ⊂ X can be written G = E ∩ U,H = E ∩ V for disjoint ambient open U, V . Thus
connectedness of a metric subspace is independent of the ambient metric space containing it isometrically.

Theorem 6.3 (Connected real sets). For E ⊂ R,

E connected ⇐⇒ ∀x, y ∈ E : [min(x, y),max(x, y)] ⊂ E.

Thus the nonempty connected real sets are precisely the intervals, including singletons. The empty set is connected. A discrete
space is connected iff it has at most one point.

Definition 6.4 (Components and total disconnectedness). [Ex. 6.2]

For x ∈ E, its connected component is CE(x) =
⋃

{A ⊂ E : x ∈ A, A connected}.
Components are maximal connected subsets, are closed in E, and form a unique disjoint partition of E. For open subsets of R,
components are the maximal open intervals. E is totally disconnected iff every nonempty connected subset is a singleton. The
Cantor set, Q, and every discrete space are totally disconnected.

Proposition 6.5 (Unions and closure). [Ex. 6.5–10]

A,B connected, A ∩B ̸= ∅ =⇒ A ∪B connected.
If a family of connected sets has a common point, its union is connected. If every pair of points of X belongs to some connected
subset, X is connected. A connected, A ⊂ B ⊂ A =⇒ B connected.
In particular A is connected. If E,F ≠ ∅ and E ∪ F is connected, then they are not separated, and E ∩ F ≠ ∅. Connected
endpoints of inclusions do not suffice: {0} ⊂ {0, 1} ⊂ [0, 1].

Lemma 6.6 (Continuous tests for connectedness). [Lemma 6.5][Ex. 6.11–12]

The following are equivalent:
(i) X is connected.
(ii) Every continuous X → {0, 1} is constant.
(iii) Every continuous map from X into any discrete space is constant.
(iv) If continuous u : X → R never vanishes, then u > 0 throughout X or u < 0 throughout X, when X ̸= ∅.
A connected metric space with at least two points has cardinality at least c, and in particular is uncountable.

Theorem 6.7 (Continuous images and the intermediate value property). [Th. 6.6; Cor. 6.7]

Continuous images of connected sets are connected. Connectedness and total disconnectedness are invariant under homeomor-
phisms. If I ⊂ R is an interval and f : I → R continuous, then f(I) is an interval. In particular, for a < b in I and t between
f(a), f(b),

∃c ∈ [a, b] : f(c) = t; t strictly intermediate =⇒ c ∈ (a, b).

Lemma 6.8 (Products and closed-set decompositions). [Lemma 6.9][Ex. 6.18]

Finite products of connected spaces are connected. If A,B are closed in X, and A ∪B,A ∩B are connected, then A,B are
connected.
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6. Connectedness
Consequences for real functions (continued)

Proposition 6.9 (Fixed points and equal values). [Ex. 6.13–14]

Every continuous f : [a, b] → [a, b] has a fixed point. If f : [0, 2] → R is continuous and f(0) = f(2), then f(x) = f(x+ 1) for
some x ∈ [0, 1].

Proposition 6.10 (Injectivity, openness, and monotonicity). [Ex. 6.15–16]

A continuous injective real function on an interval is strictly monotone, and is a homeomorphism onto its image. A continuous
open map f : R → R is strictly monotone.

Proposition 6.11 (Obstructions to continuous maps). [Ex. 6.17,19]

There is no continuous f : R → R satisfying simultaneously f(Q) ⊂ R \ Q, f(R \ Q) ⊂ Q.
No continuous map [0, 1] → Q ∩ [0, 1] is onto, although such an onto continuous map exists on [0, 1] \ Q.

Proposition 6.12 (Small fibers). [Ex. 6.20–21]

If continuous f : [a, b] → R satisfies |f−1({y})| ≤ 2 for every y, then some attained value has exactly one preimage, and f is
piecewise strictly monotone on a finite partition. If f : R → R satisfies |f−1({y})| ∈ {0, 2} for every y, then D(f) is infinite.

Definition 6.13 (Darboux property). [Ex. 6.22]

f : I → R, for an interval I, has the intermediate value (Darboux) property iff for every a < b in I and min{f(a), f(b)} < t <
max{f(a), f(b)}, f(c) = t for some c ∈ (a, b).

Theorem 6.14 (Darboux property and closed graph). [Ex. 6.22–23]

If f : R → R has the Darboux property and its graph is closed in R2, then f is continuous. If f : I → R is differentiable on an
open interval, then f ′ has the Darboux property, whether or not f ′ is continuous.

Definition 6.15 (Paths and path connectedness). [Ex. 6.27–28]

A path in X is a continuous γ : [0, 1] → X. A path that is injective is an arc: it is a homeomorphism of [0, 1] onto its image.
Arcwise connectedness requires an arc between each pair of distinct points. X is path connected iff every x, y ∈ X admit a
path with γ(0) = x, γ(1) = y. Path connectedness implies connectedness. In a normed space, γ(t) = (1 − t)x+ ty is a path,
and an embedding if x ̸= y. Every convex subset of a normed space is path connected; every normed space is connected.

Example 6.16 (Connected graphs and failure of path connectedness). [Ex. 6.25–26]

A continuous function can have connected range and disconnected domain: the constant map on {0, 1}. If the graph
{(x, f(x)) : x ∈ D} is connected, then D is connected. For continuous f : D → R, the graph is connected iff D is connected.
The function f(0) = 0, f(x) = sin(1/x) for 0 < x ≤ 1 is discontinuous, but its graph is connected and is not path connected.
Its closure is the closed connected set {(x, sin(1/x)) : 0 < x ≤ 1} ∪ ({0} × [−1, 1]).

Proposition 6.17 (Nonhomeomorphism results). [Ex. 6.24]

For a < b, the intervals [a, b], (a, b], (a, b) are pairwise nonhomeomorphic. [0, 1] is not homeomorphic to [0, 1]2, and R is not
homeomorphic to Rk for k ≥ 2. More generally Rk ̸∼= Rm for k ̸= m. The connected open square (0, 1)2 cannot be expressed as
a disjoint union of Euclidean open balls.

Theorem 6.18 (Cantor surjections and space-filling curves). For every k ≥ 1, there exists a continuous surjection K → [0, 1]k,
and a continuous surjection [0, 1] → [0, 1]k. For t =

∑
n≥1 2bn3−n ∈ K, one explicit map is

Ψk(t) =

(∑
n≥1

bk(n−1)+j2−n

)k

j=1

.

Extending its coordinates linearly across every complementary gap gives an onto continuous path on [0, 1]. For k ≥ 2, no
continuous injective [0, 1] → [0, 1]k can have dense image.
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7. Completeness
Total boundedness

Definition 7.1 (Total boundedness and finite nets). [Ex. 7.4]

A ⊂ X is totally bounded iff
∀ε > 0 ∃ finite F ⊂ X : A ⊂

⋃
x∈F

Bε(x).

Such an F is an ε-net. For nonempty A, one may require F ⊂ A. Equivalently, for every ε > 0, A admits a finite cover by
subsets of diameter < ε; it also admits such a cover by ambient closed sets of diameter ≤ ε.

Proposition 7.2 (Elementary total boundedness facts). [Ex. 7.1–5,9–11]

Totally bounded sets are bounded. Subsets and finite unions of totally bounded sets are totally bounded; A is totally bounded
iff A is. In Fk, total boundedness is equivalent to boundedness. In a discrete metric space, total boundedness is equivalent to
finiteness. Every totally bounded metric space is separable; the Hilbert cube H is totally bounded. Total boundedness is not
invariant under homeomorphisms: (0, 1) ∼= R. The closed bounded set {en : n ≥ 1} ⊂ ℓ∞ is not totally bounded.

Theorem 7.3 (Sequential characterization). [Lemma 7.3; Th. 7.5][Ex. 7.6,8]

A totally bounded ⇐⇒ every sequence in A has a Cauchy subsequence.
Equivalently every sequence has a subsequence (xnk

) with d(xnk
, xnk+1 ) < 2−k. The range of every Cauchy sequence is totally

bounded. If A is not totally bounded, then for some ε > 0 it contains distinct an with d(an, am) ≥ ε for n ̸= m. This set is a
closed discrete subspace of X.

Corollary 7.4 (Bolzano–Weierstrass). [Cor. 7.6][Ex. 7.7]

Every bounded infinite subset of R has a limit point in R.

Example 7.5 (Subsequence conclusions are optimal). The totally bounded range {−1, 1} of ((−1)n) does not make the full
sequence Cauchy. The bounded unit-vector sequence in ℓ1 has no Cauchy subsequence.

Definition 7.6 (Complete space and Banach space). X complete ⇐⇒ every Cauchy sequence in X converges in X.

A complete normed vector space is a Banach space. The empty metric space is complete; fixed-point assertions below explicitly
require nonempty spaces.

Proposition 7.7 (Standard complete spaces). [Ex. 7.16–19,24,44]

Fk, every discrete metric space, every ℓp for 1 ≤ p ≤ ∞, c0, H, and C([a, b]) with the supremum norm are complete. For any
set S, B(S) = {f : S → F : sups∈S |f(s)| < ∞}, ∥f∥∞ = sups∈S |f(s)|,
is a Banach space (use ∥f∥ = 0 if S = ∅). The notation B(S) replaces the textbook’s ℓ∞(S).

Definition 7.8 (Pointwise and uniform convergence). [Consequence]

For maps fn, f : S → (Y, ρ),
fn → f pointwise ⇐⇒ ∀s ∈ S : ρ(fn(s), f(s)) → 0,

fn → f uniformly ⇐⇒ ∀ε > 0 ∃N ∀n ≥ N ∀s ∈ S : ρ(fn(s), f(s)) < ε.

For bounded scalar-valued maps this is equivalent to ∥fn − f∥∞ → 0.

Lemma 7.9 (Uniform limits and bounded continuous functions). [Consequence]

A uniform limit of continuous maps X → Y is continuous. If Y is complete, every uniformly Cauchy sequence of maps S → Y
has a uniform limit:

∀ε > 0 ∃N ∀m,n ≥ N ∀s ∈ S : ρ(fm(s), fn(s)) < ε.

Consequently Cb(X,F) = C(X,F) ∩B(X) is a closed subspace of B(X), and hence a Banach space under the supremum norm.
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7. Completeness
Complete spaces and completeness criteria (continued)

Theorem 7.10 (Complete subspaces). [Th. 7.9][Ex. 7.12,17,35]

Every complete metric subspace A ⊂ X is closed in X. If X is complete, then A complete ⇐⇒ A closed in X.

A finite product of nonempty metric spaces is complete iff every factor is complete. A normed space is complete iff its closed
unit ball is complete.

Example 7.11 (Completeness and coordinate limits). [Ex. 7.13–15,33]

Completeness is not a topological invariant, nor is it preserved by arbitrary continuous images. Usual R is complete,
whereas the equivalent metric ρ(s, t) = | arctan s− arctan t| is incomplete. The metric σ(s, t) = |s3 − t3| is complete. On N,
d(m,n) = |1/m− 1/n| is equivalent to the usual metric but incomplete. c00 with the supremum norm is incomplete, and its
completion is c0. The sequence x(n) = (1, . . . , 1, 0, . . .), with n ones, converges coordinatewise to (1, 1, . . .), but is not Cauchy in
c0 or ℓ∞.

Lemma 7.12 (Cauchy comparisons and dense testing). [Ex. 7.20–23,28–29,34]

If (xn), (yn) are Cauchy, then (d(xn, yn)) is Cauchy in R. In a complete space, their limits agree iff d(xn, yn) → 0. For dense
D ⊂ X, X is complete iff every Cauchy sequence in D has a limit in X. Also the following characterize completeness:
(i) Every sequence with d(xn, xn+1) < 2−n converges in X.
(ii) Every countable closed subset of X is complete.
(iii) Every closed ball in X is complete.

Theorem 7.13 (Cantor nested-set criterion). [Th. 7.11]

For a metric space X, the following are equivalent:
(i) X is complete.
(ii) Every decreasing sequence of nonempty closed sets Fn ⊂ X with diamFn → 0 has intersection consisting of exactly one

point.
(iii) Every infinite totally bounded subset of X has a limit point in X.
If
⋂
Fn = {x} in (ii), any choices xn ∈ Fn satisfy xn → x.

Example 7.14 (Nested-set hypotheses). [Ex. 7.26–27]

In complete R, the decreasing nonempty sets (0, 1/n) have diameters tending to zero but empty intersection. Closedness is
essential. The closed sets [n,∞) have empty intersection. Even closed bounded sets do not suffice in a general complete space
without shrinking diameter: Fn = {ek : k ≥ n} ⊂ ℓ2. In R, nested nonempty closed bounded intervals do have nonempty
intersection without shrinking diameter, but the intersection need not be a singleton. Boundedness alone cannot replace total
boundedness in (iii), as {en} ⊂ ℓ2 has no limit point.

Proposition 7.15 (Open subsets admit complete equivalent metrics). [Ex. 7.30]

If (X, d) is complete, G ⊂ X is open, and F = X \G ̸= ∅, then

ρ(x, y) = d(x, y) +
∣∣∣∣ 1
d(x, F ) − 1

d(y, F )

∣∣∣∣ (x, y ∈ G)

is a complete metric equivalent to d|G. If F = ∅, use d.

Definition 7.16 (Vector-valued series). [Ex. 7.31]

∑
n≥1

xn = x in V ⇐⇒

∥∥∥∥∥x−
N∑

n=1

xn

∥∥∥∥∥→ 0.

Absolute summability means
∑

n ∥xn∥ < ∞. A convergent series has ∥xn∥ → 0. In a Banach space the Cauchy criterion is

∑
xn converges ⇐⇒ ∀ε > 0 ∃N ∀m ≥ n ≥ N :

∥∥∥∥∥
m∑

k=n

xk

∥∥∥∥∥ < ε.

Theorem 7.17 (Banach’s series criterion). [Th. 7.12][Ex. 7.32]

A normed space V is complete iff every absolutely summable series converges in V . In that case,∥∥∥∥∥∑
n≥1

xn

∥∥∥∥∥ ≤
∑
n≥1

∥xn∥,

∥∥∥∥∥∑
n>N

xn

∥∥∥∥∥ ≤
∑
n>N

∥xn∥.
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7. Completeness
Contractions, iteration, and differential equations (continued)

Definition 7.18 (Contraction and iterates). T : X → X is a strict contraction iff it is q-Lipschitz for some 0 ≤ q < 1. Define
T 0 = id, Tn+1 = T ◦ Tn. The orbit of x0 is (Tnx0)n≥0. A fixed point is p ∈ X with Tp = p.

Theorem 7.19 (Banach contraction principle and error bounds). [Th. 7.13; equation 7.1 and following estimate]

Let X ≠ ∅ be complete and T : X → X a q-contraction, 0 < q < 1. There exists a unique fixed point p, and every orbit
xn = Tnx0 converges to p. For m > n ≥ 0,

d(xm, xn) ≤ qn(1 − qm−n)
1 − q

d(x1, x0),

d(xn, p) ≤ qn

1 − q
d(x1, x0), d(xn, p) ≤ q

1 − q
d(xn, xn−1) (n ≥ 1),

d(x, p) ≤ d(x, Tx)
1 − q

.

For q = 0, T is constant and the fixed point is reached after one iteration.

Corollary 7.20 (Contractive iterates). [Ex. 7.41–42]

If X ̸= ∅ is complete and some T k is a strict contraction, then T has a unique fixed point, and all its orbits converge to that
point. No separate continuity assumption on T is necessary. On C([0, 1]),

(Tf)(x) =
∫ x

0
f(t) dt, ∥T∥ = 1, ∥Tn∥ ≤ 1/n!,

so T 2 is a strict contraction, and its unique fixed point is 0.

Example 7.21 (Necessary fixed-point hypotheses). [Ex. 7.43]

On incomplete (0, 1), T (x) = x/2 is a strict contraction without fixed point. On complete [1,∞), T (x) = x + 1/x satisfies
|T (x) − T (y)| < |x− y| for x ̸= y, but has no fixed point. Thus pointwise strict distance decrease is weaker than a uniform
contraction.

Definition 7.22 (Attracting and repelling fixed points). [Ex. 7.36–38]

A fixed point p is attracting if every sufficiently close initial point has orbit converging to p. A sufficient repelling condition is

∃δ > 0 ∃λ > 1 : 0 < |x− p| < δ =⇒ |T (x) − p| ≥ λ|x− p|.

For a real map differentiable at p, |T ′(p)| < 1 =⇒ p attracting, |T ′(p)| > 1 =⇒ p repelling.
The value |T ′(p)| = 1 is inconclusive: arctan x attracts to 0, x+ x3 repels from 0, and x2 + 1/4 attracts to 1/2 from the left
and repels on the right. For T (x) = x2, Tnx = x2n for n ≥ 1; |x| < 1 gives limit 0, |x| > 1 gives +∞, and x = ±1 gives the
eventual value 1.

Proposition 7.23 (Derivative criterion and numerical roots). [Ex. 7.39–40]

If continuous T : [a, b] → [a, b] is differentiable inside and |T ′(x)| ≤ q < 1, then T has a unique fixed point and iteration
converges. If continuous G : [a, b] → R is differentiable inside with G(a) < 0 < G(b), 0 < m ≤ G′(x) ≤ M < ∞,

then it has a unique zero p. For 0 < λ ≤ 1/M , T (x) = x− λG(x) maps [a, b] into itself and is a contraction with factor 1 − λm
(the zero-factor case is constant). Examples are

xn+1 = xn − x3
n − 5

8 (x0 ∈ [1, 2]), xn → 3
√

5,

and

xn+1 = (xn + 1)1/3 (x0 ∈ [1, 2]), xn → 3

√
9 +

√
69

18 + 3

√
9 −

√
69

18 ,

the unique real root of x3 − x− 1 = 0.
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7. Completeness
Contractions, iteration, and differential equations (continued)

Theorem 7.24 (Picard–Lindelöf formulation). Suppose F is continuous on a rectangle around (0, y0) and uniformly Lipschitz
in its second variable there. Then, for some δ > 0, the initial value problem y′(t) = F (t, y(t)), y(0) = y0

has a unique local solution within that rectangle. It is the fixed point of

(T ϕ)(t) = y0 +
∫ t

0
F (s, ϕ(s)) ds.

If F is continuous on R2 and globally L-Lipschitz in its second variable, then on C([0, δ]), ∥T ϕ− T ψ∥∞ ≤ Lδ∥ϕ− ψ∥∞,

so Lδ < 1 gives a contraction. For F (t, y) = 2t(1 + y), y0 = 0,

ϕ0 = 0, ϕn(t) =
n∑

j=1

t2j

j! , y(t) = et2
− 1.

Definition 7.25 (Completion). A completion of (X, d) is a complete metric space (X̂, d̂) together with an isometric embedding
i : X → X̂ whose image is dense.

Lemma 7.26 (Kuratowski embedding). [Lemma 7.17]

For nonempty X, fix a ∈ X, and define Φ(x)(t) = d(x, t) − d(a, t) (t ∈ X).
Then Φ(x) ∈ B(X), ∥Φ(x)∥∞ = d(x, a), and ∥Φ(x)−Φ(y)∥∞ = d(x, y). As a function of t, Φ(x) is 2-Lipschitz, so Φ(x) ∈ Cb(X).
Thus Φ(X) ⊂ B(X) is a completion of X.

Theorem 7.27 (Existence and uniqueness of completions). [Th. 7.18 and subsequent construction][Ex. 7.45–46]

Every metric space has a completion. For two completions (X̂1, i1), (X̂2, i2), there is a unique onto isometry U with U ◦ i1 = i2.
A dense subspace has the same completion as its ambient space. If sets S, T are equipotent, composition with a bijection
induces an onto linear isometry B(S) ∼= B(T ).

Definition 7.28 (Completion by Cauchy classes). Let C(X) be the set of Cauchy sequences in X, and define (xn) ≈ (yn) ⇐⇒
d(xn, yn) → 0, X̂ = C(X)/≈,
d̂([(xn)], [(yn)]) = limn d(xn, yn), i(x) = [(x, x, . . .)].
This is a well-defined complete metric space with dense isometric copy i(X).

Proposition 7.29 (Completion of a normed space). The completion of a normed space has a unique Banach-space structure
extending the original structure. In Cauchy-class notation, α[(xn)] + β[(yn)] = [(αxn + βyn)], ∥[(xn)]∥ = limn ∥xn∥.
The original space embeds as a dense linear subspace.

Definition 7.30 (Uniform continuity and uniform homeomorphism). [Ex. 7.47,51]

f : (X, d) → (Y, ρ) is uniformly continuous iff

∀ε > 0 ∃δ > 0 ∀x, y ∈ X : d(x, y) < δ =⇒ ρ(f(x), f(y)) < ε.

A uniform homeomorphism is a bijection for which both directions are uniformly continuous. Lipschitz maps are uniformly
continuous.

Proposition 7.31 (Cauchy sequences and uniform maps). [Ex. 7.25,48–51]

Uniformly continuous maps preserve Cauchy sequences; uniform homeomorphisms preserve completeness. Distance-to-point
and distance-to-nonempty-set maps are uniformly continuous. Every Lipschitz Q → R extends uniquely to a continuous map
on R, preserving its Lipschitz constant. Every continuous R → R preserves Cauchy sequences, since its domain is complete.
For incomplete domains this may fail: x 7→ 1/x on (0, 1).
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8. Compactness
Compact spaces and equivalent criteria

Definition 8.1 (Compactness). A metric space is compact iff it is complete and totally bounded. A subset is compact iff it is
compact with its induced metric.

Theorem 8.2 (Sequential compactness). [Th. 8.2][Ex. 8.9]

X compact ⇐⇒ every sequence has a subsequence converging in X

⇐⇒ every infinite subset has a limit point in X.

Definition 8.3 (Covers and the finite intersection property). [Lemma 8.8]

An open cover of X is a family U ⊂ τd with X =
⋃

U∈U U . A subcover is a subfamily with the same union. A family F of
subsets has the finite intersection property (FIP) iff every finite subfamily has nonempty intersection.

Theorem 8.4 (Covering and intersection criteria). [Lemma 8.8; Th. 8.9; Cors. 8.10–8.11][Ex. 8.30–32]

For a metric space X, the following are equivalent:
(i) X is compact.
(ii) Every open cover has a finite subcover.
(iii) Every family of closed sets with FIP has nonempty intersection.
(iv) Every decreasing sequence of nonempty closed subsets has nonempty intersection.
(v) Every countable open cover has a finite subcover.
Every decreasing sequence of nonempty compact sets in any metric space has nonempty intersection, without an ambient
completeness assumption.

Proposition 8.5 (Compact subspaces and operations). [Cor. 8.3][Ex. 8.4,6,11,34]

Compact subsets of a metric space are closed and bounded. Closed subsets of compact spaces are compact. Finite unions and
finite products of compact sets are compact. Compactness of a metric subspace is independent of its ambient space. For any
A ⊂ X, A closed in X ⇐⇒ A ∩K compact for every compact K ⊂ X.

Theorem 8.6 (Heine–Borel and finite-dimensional examples). [Ex. 8.1–2,7–8,10]

K ⊂ Fk : K compact ⇐⇒ K closed and bounded.
Every finite-dimensional norm sphere and closed bounded ball are compact. For nonempty compact K ⊂ R, inf K, supK ∈ K.
Every compact subset of Rk is contained in a product of compact intervals. Relative closedness and boundedness do not suffice
in Q: {q ∈ Q : 2 ≤ q2 ≤ 3} is not compact. For an Archimedean ordered field F , the following are equivalent: least-upper-bound
completeness; compactness of every closed bounded subset of F ; and the existence, for every bounded sequence in F , of a
subsequence converging to a point of F .

Proposition 8.7 (Precompactness). [Ex. 8.12–19]

In a complete metric space, A totally bounded ⇐⇒ A compact.
Equivalently X is totally bounded iff its completion is compact. For a compact X, separability and a countable open base
follow. A metric space is separable iff it is homeomorphic to a totally bounded metric space, specifically to a subspace of H.
For cn > 0,

Kc = {x ∈ ℓ2 : |xn| ≤ cn ∀n} compact ⇐⇒
∑

n

c2
n < ∞.

In particular {x ∈ ℓ2 : |xn| ≤ 1/n} is compact. The Hilbert cube (H, dH) is compact. Here “precompact” means having
compact closure; in a complete ambient space this is exactly total boundedness.

Example 8.8 (Compactness versus properness). [Ex. 8.5]

Every compact space has compact closed balls, but the converse fails for R. A metric space with compact closed bounded balls
is called proper. The unit ball of ℓ∞ is closed and bounded but not compact. A subset of a discrete metric space is compact iff
it is finite.
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8. Compactness
Continuous functions on compact spaces (continued)

Theorem 8.9 (Continuous images and extrema). [Th. 8.4; Cors. 8.5–8.7][Ex. 8.3,21–23]

Continuous images of compact sets are compact. On nonempty compact X, every continuous f : X → R is bounded and
attains both extrema:

∃x−, x+ ∈ X ∀x ∈ X : f(x−) ≤ f(x) ≤ f(x+).

Thus ∥f∥∞ = maxX |f | is a norm on C(X). For continuous f : [a, b] → R, f([a, b]) = [min f,max f ]. For nonempty compact
K ⊂ X, its diameter is attained: diamK = d(x, y) for some x, y ∈ K. Every continuous map with compact domain is closed;
every continuous injective map with compact domain is an embedding. Compactness is invariant under homeomorphisms.

Proposition 8.10 (Continuous witnesses to noncompactness). [Ex. 8.20]

For noncompact E ⊂ R, there exists an unbounded continuous g : E → R, and a bounded continuous h : E → R with no
maximum. One may use a nonnegative unbounded g and h = g/(1 + g).

Proposition 8.11 (Graphs, segments, and injective curves). [Ex. 8.24–27]

For f : [a, b] → R, f continuous ⇐⇒ x 7→ (x, f(x)) continuous ⇐⇒ graph(f) compact in R2.

Every nondegenerate line segment in a normed space is homeomorphic to [0, 1]. A continuous injective [0, 1] → [0, 1]2 has
nowhere dense image in the square. Every continuous open R → R is strictly monotone.

Proposition 8.12 (Compact fixed-point results). [Ex. 8.28–29]

Every continuous [a, b] → [a, b] has a fixed point. If nonempty compact X and T : X → X satisfy d(Tx, Ty) < d(x, y) (x ≠ y),
then T has exactly one fixed point.

Lemma 8.13 (Nested sets are eventually inside a neighborhood). [Ex. 8.33]

If X is compact, Fn decrease through nonempty closed sets, and
⋂

n Fn ⊂ U for open U , then Fn ⊂ U eventually.

Lemma 8.14 (Lebesgue number). [Ex. 8.35]

Every open cover U of a nonempty compact metric space admits δ > 0 such that every subset with diameter < δ lies in some
U ∈ U .

Proposition 8.15 (Positive separation and semicontinuous extrema). [Ex. 8.36–39]

If K ̸= ∅ is compact and F ≠ ∅ closed with K ∩ F = ∅, then d(K,F ) > 0. On a nonempty compact space, every real lower
semicontinuous function is bounded below and attains its minimum; every upper semicontinuous function is bounded above
and attains its maximum.

Proposition 8.16 (Rigidity of compact self-maps). [Ex. 8.40–43]

On compact X, any isometry X → X is onto. More generally, d(Tx, Ty) ≥ d(x, y) (x, y ∈ X) =⇒ T is an onto isometry.
Every onto map satisfying d(Tx, Ty) ≤ d(x, y) is likewise an isometry. Outside compact spaces, the right shift on c0 is an
isometry into a proper subset.

Proposition 8.17 (Uniform continuity criteria). [Ex. 8.44–48,56]

Uniform continuity of f : X → Y is equivalent to either condition: d(xn, yn) → 0 =⇒ ρ(f(xn), f(yn)) → 0,

∀ε > 0 ∃δ > 0 ∀A ⊂ X : diamA < δ =⇒ diam f(A) < ε.

Uniformly continuous maps preserve Cauchy sequences. Every map from a uniformly discrete space (in particular usual N) is
uniformly continuous.

Theorem 8.18 (Heine–Cantor and total boundedness). [Prop. 8.14; Th. 8.15][Ex. 8.69]

Uniformly continuous maps send totally bounded sets to totally bounded sets. Every continuous map from a compact metric
space to any metric space is uniformly continuous.

Proposition 8.19 (Algebraic operations and gluing). [Ex. 8.49–50]

Finite sums of uniformly continuous real functions are uniformly continuous. Products are uniformly continuous if both factors
are bounded; without boundedness the product can fail, as x · x = x2 on R. If f is uniformly continuous on (0, 2) and (1, 3), it
is uniformly continuous on (0, 3). Uniform continuity on every [n, n+ 1], n ∈ Z, does not suffice for uniform continuity on R,
again by f(x) = x2.
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8. Compactness
Uniform continuity and extension (continued)

Theorem 8.20 (Extension from a dense subspace). [Th. 8.16; Cor. 8.17][Ex. 8.51,65–66,71]

Let D ⊂ X be dense, Y complete, and f : D → Y uniformly continuous. There is a unique continuous extension F : X → Y ,
which is uniformly continuous: F (x) = limn f(xn) whenever xn ∈ D, xn → x.

If f is an isometry or L-Lipschitz, F has the same property. If f is a uniform homeomorphism, it extends to an onto uniform
homeomorphism between the completions. Dense subspaces have the same completion; completions are unique up to the unique
isometry fixing the original space. For continuous f : (0, 1) → R, f uniformly continuous ⇐⇒ f(0+), f(1−) both exist in R.
In this case f extends continuously to [0, 1] and is bounded.

Proposition 8.21 (Further uniform continuity facts). [Ex. 8.52–55]

If f is continuous on a neighborhood of a, then

ga(x) = f(x) − f(a)
x− a

(x ̸= a),

f ′(a) exists in R ⇐⇒ ga is uniformly continuous on
some punctured neighborhood of a.

A continuous real function with finite limits at both infinities is uniformly continuous; in particular this holds when both limits
are 0. If bounded E ⊂ R is noncompact, it admits a continuous real function that is not uniformly continuous. The bounded
continuous function sin(x2) on R is not uniformly continuous; the unbounded function x is uniformly continuous.

Definition 8.22 (Hölder continuity). [Ex. 8.57–60]

f : X → Y is α-Hölder with constant L iff ρ(f(x), f(y)) ≤ Ld(x, y)α (x, y ∈ X), α > 0.
Every such map is uniformly continuous. On a real interval, an α-Hölder map with α > 1 is constant. A real function with
bounded derivative on an interval is Lipschitz. For 0 < α ≤ 1, |sα − tα| ≤ |s− t|α (s, t ≥ 0).
For α > 0, xα on (0,∞) is uniformly continuous iff α ≤ 1. The exponent α = 0 separately gives a constant function.

√
x is

uniformly continuous on [0,∞) but not Lipschitz there; 1/x on (0, 1) is continuous but not uniformly continuous.

Proposition 8.23 (Sequence-space maps and embeddings). [Ex. 8.67–68,70,72]

The diagonal map D : ℓ2 → ℓ1, (Dx)n = xn/n, is Lipschitz with constant (
∑
n−2)1/2. Coordinatewise multiplication by a

fixed y ∈ ℓ∞ is Lipschitz on ℓ1. If D0 is dense in X, then X embeds isometrically into B(D0). Thus every separable metric
space embeds isometrically into ℓ∞. The closed complete subset K = {x ∈ ℓ∞ : xn → 1}
is invariant under the right shift S, and S|K is an isometry with no fixed point.

Definition 8.24 (Equivalence, uniform equivalence, strong equivalence). [Ex. 8.61–62]

Metrics d, ρ on X are equivalent iff their identity maps in both directions are continuous; uniformly equivalent iff both are
uniformly continuous; strongly equivalent iff

∃c, C > 0 ∀x, y ∈ X : cd(x, y) ≤ ρ(x, y) ≤ Cd(x, y).

strong equivalence =⇒ uniform equivalence =⇒ equivalence.
Uniform equivalence preserves completeness and total boundedness; strong equivalence also preserves boundedness.

Example 8.25 (Strictness of the implications). [Ex. 8.63–64,73–74]

d and d/(1 + d) are uniformly equivalent; if d is unbounded, they are not strongly equivalent. On [0, 1], |x− y| and
√

|x− y|
are uniformly equivalent but not strongly equivalent. For x, y ∈ R2,

ρ(x, y) = ∥x− y∥2√
1 + ∥x∥2

2
√

1 + ∥y∥2
2

is a metric equivalent to Euclidean distance but not uniformly equivalent to it. For example, xn = (n, 0), yn = (n+ 1, 0) have
ρ(xn, yn) → 0 but Euclidean distance 1.

Proposition 8.26 (Compact-domain equivalence). [Prop. 8.19]

If (X, d) is compact, another metric ρ on X is equivalent to d iff it is uniformly equivalent to d.
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8. Compactness
Bounded linear maps and finite-dimensional normed spaces (continued)

Theorem 8.27 (Continuity criteria for linear maps). [Th. 8.20][Ex. 8.75]

For linear T : V → W between normed vector spaces, the following are equivalent: Lipschitz continuity; uniform continuity;
continuity everywhere; continuity at 0; continuity at one point; and

∃C < ∞ ∀x ∈ V : ∥Tx∥W ≤ C∥x∥V .

They are also equivalent to boundedness of T on the unit ball, or to mapping every bounded set to a bounded set. Such a
linear map is called bounded. A nonzero linear map has unbounded range.

Definition 8.28 (Operator norm and the dual space). [Ex. 8.79,82–84]

Let L(V,W ) be the space of bounded linear maps (the textbook’s B(V,W )). Its norm is

∥T∥ = sup
∥x∥≤1

∥Tx∥ = inf{C ≥ 0 : ∥Tx∥ ≤ C∥x∥ ∀x}.

If V ̸= {0}, this also equals supx̸=0 ∥Tx∥/∥x∥ = sup∥x∥=1 ∥Tx∥. For V = {0}, ∥T∥ = 0. ∥S + T∥ ≤ ∥S∥ + ∥T∥, ∥λT∥ =
|λ|∥T∥, ∥ST∥ ≤ ∥S∥∥T∥.
If W is Banach, L(V,W ) is Banach, even when V is incomplete. In particular the dual V ∗ = L(V,F) is always Banach.

Example 8.29 (Operator norms). [Ex. 8.76–78,80–81]

T Domain and codomain ∥T∥
x 7→ ⟨x, y⟩ Fk → F (∥ · ∥2) ∥y∥2
x 7→ xj ℓ∞ → F 1

x 7→ (xn/n) ℓ2 → ℓ1
(∑

n≥1 n
−2
)1/2

f 7→
∫ b

a
f(t) dt C([a, b]) → R b− a

f 7→
(
x 7→

∫ x

a
f(t) dt

)
C([a, b]) → C([a, b]) b− a

The function-space norms in the last two rows are supremum norms.

Theorem 8.30 (Equivalent norms). [Cor. 8.21]

For two norms on a vector space,

equivalent ⇐⇒ uniformly equivalent
⇐⇒ strongly equivalent
⇐⇒ ∃c, C > 0 : c∥x∥1 ≤ ∥x∥2 ≤ C∥x∥1 (∀x).

Theorem 8.31 (Finite-dimensional structure). [Th. 8.22; Cors. 8.23–8.26][Ex. 8.85–88]

All norms on a finite-dimensional vector space are equivalent. Every linear map with finite-dimensional domain is bounded.
Every finite-dimensional normed space is complete, and every finite-dimensional subspace of any normed space is closed. For
dimV = k and a basis v1, . . . , vk,

∥(a1, . . . , ak)∥V =

∥∥∥∥∥
k∑

j=1

ajvj

∥∥∥∥∥
V

defines a norm on Fk making the coordinate map an onto linear isometry. Any two normed spaces of the same finite dimension
over the same scalar field are linearly homeomorphic, with both maps Lipschitz.

Proposition 8.32 (Infinite-dimensional contrasts). [Ex. 8.89]

For a normed space V , dimV < ∞ ⇐⇒ {x : ∥x∥ ≤ 1} compact.
V is infinite-dimensional iff it admits a discontinuous linear functional, iff it has a proper dense linear subspace (with the
usual axiom of choice). For p < ∞, c00 is a proper dense subspace of ℓp. All separable infinite-dimensional Banach spaces are
mutually homeomorphic; for 1 ≤ p < q < ∞, ℓp, ℓq are not uniformly homeomorphic.
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